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ON THE COMPLETE INTEGRABILITY OF SOME
LAX EQUATIONS ON A PERIODIC LATTICE

LUEN-CHAU LI

ABSTRACT. We consider some Lax equations on a periodic lattice with N = 2
sites under which the monodromy matrix evolves according to the Toda flows.
To establish their integrability (in the sense of Liouville) on generic symplectic
leaves of the underlying Poisson structure, we construct the action-angle vari-
ables explicitly. The action variables are invariants of certain group actions. In
particular, one collection of these invariants is associated with a spectral curve
and the linearization of the associated Hamilton equations involves interesting
new feature. We also prove the injectivity of the linearization map into real
variables and solve the Hamilton equations generated by the invariants via
factorization problems.

1. INTRODUCTION

Over the past decade there has been a great deal of activity in the solution of
nonlinear evolution equations in 1+ 1 dimensions by the Riemann problem method
(see [FT] and references therein). As is well-known, at the basis of all these works
is the representation of the equations as a condition of zero curvature, i.e.

ou oV
1.1 — - ——+1[U,V]=0.
(1.1) 5 " os TIUVI
Here, U and V are matrix-valued functions parametrized by the classical fields
and [, -] is the standard commutator. For periodic lattice models, where the (dis-

cretized) spatial variable n now takes values in Zy = Z/NZ, there is a natural
analog of (1.1). These are the so-called Lax equations on a lattice (or lattice Lax
system) [AL], [FT], and they have the general form

(1.2) Gk = Uk+1 9k — GkUk, keZy.

The matrices g above are invertible and define parallel transport from site k& of
the lattice to site k + 1 [FT]. As can be easily verified, the monodromy matrix
T(g)=gn---91, 9= (g1,--.,9N), undergoes an isospectral deformation

(1.3) T(9) = [v1,T(g)],

and hence the eigenvalues of T'(g) provide a collection of conserved quantities for
(1.2). In this paper, we shall study some particular Lax systems on a lattice with
N = 2 sites which are related to the Toda flows [DLT]. Without loss of generality,
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we may assume g1, g2 lie in the identity component G of the group of real, invertible
n X n matrices. It is well-known that G admits the global decomposition

(1.4) G=K-L,

where K and L are the subgroups of orthogonal matrices and lower triangular
matrices respectively. On the Lie algebra level, we have

(1.5) g=talL

Therefore, if II; and II; are the projection operators corresponding to the direct
sum decomposition, then

(16) R:He —H[

is a classical r-matrix [STS1]. As a final ingredient for the equations, we take a
central function ¢ on G, i.e. p(zyz=1) = p(y), =,y € G, and let

(1.7) H«P(Ql,QZ) =¢(T(9)), T(9) = 9291, 9 = (91, 92)-

The Lax equations corresponding to R and ¢ on a periodic lattice with N = 2 sites
take the form

. 1 1

g1 = §R(D1H¢(9)) 91— 50 -R(D2H,(g)),

b2 = SRD:H,(9)) 62 — 502 RDLHs(g),

where D;H,(g) = ¢:(ViH,(g))T, i = 1,2, are the left gradients (here V,;H,(g) is
the n xn matrix whose (j, k) entry is 0H,(g)/0(9:);x). For readers familiar with the
work of M. Semenov-Tian-Shansky [STS1], [STS2], let us remark that equations of
this sort were introduced by him in the case of skew-symmetric r-matrices; however,
R as defined in (1.6) above is not skew-symmetric and the Hamiltonian formalism
for such equations was extended by the author and his collaborator in [LP]. As
particular examples of (1.8), we have the equations

g1 = l1‘3((9192)16) g1 — 191 - R((g291)"),

(1.8)

(1.9) 2 :
= SR((0290)") - 2~ 22 Bl(in)). E=1.2....,

under which the monodromy matrix 7T'(g) evolves according to the Toda flows [DLT],
ie.
1

(1.10) T(9) = 5[3((T(9))k)7 T(g)], k=12....

Thus (1.9) is in some sense a reduction of the Toda flows, which we know are
completely integrable on generic symplectic leaves of an associated Poisson structure
on the group G [LP] (see, however [DLT] for a detailed discussion of the integrals).
In this paper, we shall show that equations of the form (1.8) (and in particular
(1.9)) are also completely integrable on generic symplectic leaves of the associated
Poisson structure on G2. Apart from the intrinsic interest from the point of view
mentioned above (see also the description of results below), there are connections
with algorithms in numerical linear algebra and the generalized KdV hierarchies of
Drinfeld and Sokolov [DS]. For example, if we take k = 1 in (1.9), the equations
for g; and g, are exactly the ones considered in [C]. On the other hand, it is clear
that the equations in (1.8) extend naturally to complex matrices, and if we take
¢(z) = —3tr(logz)?, the resulting low on (g1,g5 ") is nothing but a continuous
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time interpolation of the QZ algorithm [MS] to compute generalized eigenvalues of
the pair (g1, 95 ). Of course, we can also interpret (1.9) with the above choice of
© as an algorithm to compute the eigenvalues of the product gag1 (or g1g2). We
now explain the connection with partial differential equations. Consider, say, the
Gelfand-Dikii equation [GD]

(1.11) L=[(L*™)y, L],
where

n—1 d
1.12 L=D" D', D= —.
(1.12) +; u -

From standard considerations [DKN], a matrix Lax pair formulation can be ob-
tained without much difficulty if we take

L=D+q(z)+A

0 0 A

(1.13) 0 - () 1 0 0
=D+ | S )

0 ... up_1(x) 0 1' 0

where A is a spectral parameter, in which case (1.11) becomes
(1.14) L =[A, L]

However, an operator of the form £ in (1.13) has no natural analogue in the case
when sf(n, C[\,A\71]) is replaced by an arbitrary Kac-Moody algebra. This diffi-
culty was overcome by Drinfeld and Sokolov in [DS], through the introduction of
the following notion of gauge equivalence:

L— L=NLN"Y,

where NV is a function which takes values in the group of upper triangular matrices
with 1’s on the diagonal. More precisely, they considered operators D + g(z) + A
where ¢(z) is an upper triangular matrix, and associated equations in Lax pair form
which preserve gauge equivalence. In this way, they were able to interpret (1.14)
as an equation for the class of gauge equivalence. Furthermore, this point of view
allows them to define KdV type equations for arbitrary Kac-Moody algebras. In
particular, for a classical Kac-Moody algebra distinct from sf(n, C[]A\,A\71]) and a
vertex ¢, of its Dynkin diagram, they found that the associated generalized KdV

equations can be realized in the form

Ly = AsLy — Ly Ay,
(1.15) .
Ly = A1Ly — Ly As,

where

2141

) As = bi(LaLa) ),

Ay =" bi((LaLy)

b; € C, k = ord L1 + ord Lo, and L1, Lo are appropriate differential or pseudo-
differential operators. Thus equations analogous to (1.9) do arise in the theory of
integrable PDEs.
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We now describe the main results of the paper. In section 2, we begin by intro-
ducing the Poisson structure of (1.8). Let (-,) be the standard pairing on g, and
let R* denote the dual of R with respect to (-,-). We have

Theorem A [LP]. Equation (1.8) is the Hamilton equation generated by H, =
woT in the Poisson structure
LS A ). D
{1,902} = 5 Y ((A(Djr), Djipa) — (A(Djibr), Djiba)

2 4
j=1

+ (S(Djr), Dj_12) = (S(Dj_1¥1), Djib2))

on G?, where A= 3(R—R*) and S = 3(R+ R*), and the subscript j is taken mod
2.

Note that in contrast to many well-known integrable systems, the Poisson struc-
ture here is nonlinear. As a matter of fact, it follows from a general result in [L2]
that { , }is an extension of a Sklyanin quadratic bracket { , }swy [STS1], [STS2]
on G. More precisely, (G,{ , }sky) is a Poisson submanifold of (G%,{ , }), al-
though (G?,{ , }) is not a Poisson Lie group in the sense of Drinfeld [D]. For
reason explained in [L2], we shall call this Poisson structure the twisted structure.
Our main result in section 2 is the description of generic symplectic leaves of the

twisted structure. For k£ =0,... ,n — 1, we introduce the polynomials
Qr(g1, 92, A) = det(g1 — Agz ")k
(1.16) n-k
— ZFrk(glagQ))\n_k_ra (glagQ> S G27
r=0

where (M), denote the (n—k) x (n—k) matrix obtained from M by deleting the first
k columns and last k rows. Then we show that for 1 < k < n — 1, the quantities
sgn Foy, sgn Fy,—k 1 are constant on the symplectic leaves. To obtain symplectic
leaves of maximal dimension, we restrict to those g = (g1, g2) € G? for which
(1.17) a(91,93) = {A € C | det(g1 — Ag3 ) = 0}

is simple, i.e., has precisely n distinct elements. Thus we consider the set

(1.18) U={g=(91,92) € G* |[For(g) # 0, Frr,x(9) # O,

' k=1,...,n,0(g1,9%) is simple}

which is an open, dense subset of G2, foliated by symplectic leaves of the twisted
structure. In order to describe these leaves in U, we construct a rather specific
collection of invariants of the group actions

(1.19) (g1,92) — (higihy " hagahih), (hihs) € K*(resp. L?),

from which we derive not only the Casmir functions, but also the Poisson commuting
integrals of our lattice Lax systems. The K2-invariants are given by the coefficients
of the polynomial

J(g1, 923 h, z) = det(g2g1 — hgags — 2)

=D > Julgr ga)h*z T

r=0 k=0

(1.20)
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while the L2-invariants are

(1.21)  L(g1,92) = Frr(91,92)/ For(91, 92), 1<k<n-1,1<r<n-k,
for (91,92) cU. Let jn—k,k(g) = (—1)n(n_k)fn_k)k(g)/detgz, 1 S k S n — 1, and

Tuk(9) = Juk(g)/ det g2, 0 < k < n.
Theorem B. Let ¢° € U, and suppose Lgo denotes the symplectic leaf of the
twisted structure through ¢°. Then

Ly =1{g €U | sgnForlg) = sgnFor(9°), In-kr(9) = Ln-rr (9",
1<k <n—1,Ju(g) = Jar(g"), 0<K <n}.
In particular, dim Lgo = 2n(n — 1).

In section 3, we introduce variables which will turn out to be (essentially) the
action-angle variables, and give their properties. The conserved quantities in in-
volution are given by the K?Z-invariants and L2-invariants in (1.20), (1.21). Note
that the I,x’s are symmetric functions of the eigenvalues A,; of the generalized
eigenvalue problem (g1 — Agy )pu = 0, u € C"*. Also, the spectral curve

(1.22) Clg1,92) = {[u: h: 2] € CP?| J(g1,g2;u, h,z) = 0}

is conserved by the flows. To introduce the angle variables corresponding to A
and J,/x, we make additional assumptions:

(GA1) All the A\.x’s are distinet, 1 <r<n—k, 0<k<n-—1.

(GA2) Zero is a regular value of J(g1, go;-,-) and (g2, g2 ) is simple.

If (g1,92) € U satisfies (GA1), we adapt an idea in [DLNT] to our situa-
tion and consider the generalized eigenvalue problem (g1 — Arkgy l)kwrk = 0.
From the assumption, the first component of w, is non-zero and proportional
to myx (g1, 92) = (e2, (g1 — )\Tkggl)k_len_kﬂ). Hence we can define

(1.23)
0rk(91, 92) = A jt log (myk (g1, 92)/mak(g1, 92))s 2<r<n—k 1<k<n-1.

For (¢g1,92) € U satistying (GA2), C(g1,g2) is a smooth projective curve. Since
G291 — hgagd undergoes an isospectral deformation when (g1, g2) evolves under any
of the J,/i-flows, a typical result [AvM], [RSTS], [G] says that for most of these
systems, the flow can be linearized on the Jacobian variety of the curve via the
Abel-Jacobi map. Thus we introduce the eigenvector map

f:Clg1,92) = CP" ™1, [u:h: 2] ker(ugzg1 — hgagy — 2),
the divisor D(g1,g2) = f*H where H is a suitable hyperplane in CP"~! (we can

take H = {[z1 : -+ : 2,] € CP""! | 23 = 0} in our case), and the variables
fézj(g“gz) wrk Where {w,} is a basis of H°(C(g1,g2), ). Indeed, we will take
hkzn—r
wry = ——dh, 0<k<r-3,r=3,...,n,
b Jz(glag%h?Z)

and define

D(g1,92)
(1.24) ¢rk(91792)=/ Wrik,k—15 1<k<r-1,r=2,...,n—1,

Do(91,92)
where Dy(g1,92) = "("2_1)]30, Py=11: h: 0] € C(g1, g2). However, a simple count

shows that in our case, dim H%(C(g1, g2), ) is less than the number of nontrivial
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integrals from C(g1, g2); hence the Abel-Jacobi map is inadequate here. As a matter
of fact, a direct calculation immediately confirms the existence of flows (namely,
the J.o-flows and the J,.,.-flows) that do not give rise to nontrivial motions on the
Jacobian variety. The variables which move linearly under these flows, neverthe-
less, are algebra-geometric in nature. For the J,.o-flows, we have to introduce the
variables

D(g91,92)

(125) ¢ro(91792):/ wr+17—1, Tzl,...,n—l,
Do(91,92)
where the differentials
Zn—r—l
Wept 1= ——————dh

th(91792§ h7 Z)

are meromorphic with simple poles where h = 0, and we refer the reader to Remark
4.19 for an interpretation of such quantities. Concerning the J,.,.-flows, it turns out
that the eigenvector map

f7:Clg1,92) > CP" 71 [u:h: 2] ker(ugagr — hgags — 2)"

and the divisor DT (g1,92) = (f7)*H also come into play. More precisely, the
associated variables are given by

1 [Dl91:92)
(126) ¢rr(glag2>: 5/ Wr41,r—1, r=1,...,n—1,
DT (g1,92)
where the differentials
hr—lzn—r—l
Wr41,r—1 =

Jz(91792§ h7 Z)

are meromorphic with simple poles at the points “at co”. The quantities introduced
in (1.24) — (1.26) are of course defined modulo a lattice A in the space C9+2(—1)
(9c = genus of C(g1, g2)), and we refer the reader to (3.16) for a detailed description.
In section 4, we compute the Poisson brackets of the variables introduced in section
3. In the following theorem, the range of indices for 0,1, ¢rk, ¢ro and ¢, are as
indicated in (1.23) — (1.26); on the other hand, we only consider A4 for 1 < k <
n—1,2<r <n-—k, and we only consider J,..p for 0 < k' <7, 1 <7’ <n-—1.

Theorem C. At a point (g1,92) € U satisfying (GA1) and (GA2), we have the
following Poisson bracket relations:

(a) {)\rka Ar/k/} = 07 {Jrk; Jr/k/} = 07 {Arka Jr/k/} = 07

{ork; Ar’k’} == 6kk’6rr’a {¢)’I"k‘) Ar’k’} == {¢)’I"O7 )\r’k’} == {Qbrh )\r’k’} - 07
(b) {¢rk7 Jr’k’} = _6kk’6rr’7 {¢T07 Jr’k:’} = _60k’6rr’7
{¢TT7Jr’k’} = _6k’r/6rr/7 {07”]{}7JT']€'} = 0;

(C) {97‘](27 or/k/} = {¢rka er’k’} = {¢)’I"07 or/k/} = {¢)’I"T1 er’k’} =0.

Corollary D. The lattice Lax systems (1.8) are completely integrable on generic
symplectic leaves of the twisted structure with integrals A, and Jorpr. If (99, 69) € U
satisfy (GA1) and (GA2), the level set of integrals 1(¢9,49) is a smooth manifold
of dimension n(n —1).
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Let 1¢(g?, g9) denote the connected component of I°(g?, g9) containing (¢?, ¢9).
Then by replacing 6, by (essentialy) its real and imaginary parts, and ¢,; by
099, 99) fg)((?’ggzo) Wrtk k-1, 0 <k <7 —1 (the ¢.’s are already real-valued

mod A), we obtain the linearization map

Ln-1)(n-2)-Yc;
(1.27) LY:1%gY,¢9) — R2( S x T2 ¢ x (R%(n—l)(n—2)+2(n—l)/A)

into real variables (here ¢, = # of complex conjugate pairs in {Ax}1<r<n—k). In
Section 5, we prove

Theorem E. L° is injective.

Finally, in Section 6, we solve the Hamilton equations generated by the con-
served quantities via factorization problems. Explicitly, these equations are given
respectively by

g1 = (e(D11rx(91,92))) g1 — 91 (Me(D Ik (g1, g2)))

1.28
(1.28) g2 = (e(D11rk(91,92))) 92 — g2(e(D1 111 (g1, 92))), k> 1,
and

1

g1 = 591 (D} Jyi(g1. 92) + DaJri(g1, 92)))

1
_ §(H[(D1Jrk(glv 92> + D/QJrk(gla gQ))).gl?

(1.29)

o
g2 = 592 (TL(D} Ty (g1, 92) + D1 T (91, 92)))

1
- §(H[(D2Jrk(glag2> + DY Jri(g1, 92))) g2, k>0.

Theorem F. The solutions of the I.-flows, Jyo-flows, and J,.-flows are obtained
via factorization problems in the finite dimensional matriz group G?.

As an example, suppose Z;(t) € K, X;(t) € L, i = 1,2, are the solutions of the
factorization problems e~ 2027 (91:92) = 7, (£) X, (t), e~ 2DP27r(91:92) = Z, (1) X, (t).
Then the J,,.-flow with initial conditions g1(0) = ¢?, g2(0) = ¢3 is given by ¢1(t) =
Xo()X1(t)7L, g2(t) = X1(t)g8 X2 (t) ™ = ZT'(t)g9Z2(t). On the other hand, for
1<k <r-—1, the J.,-flows give rise to nondegenerate isospectral deformations of
the matrix pencil My,(g1,92) = 92,91 — hgagl . What is remarkable here is the fact
that the isospectral deformations are generated by ad-invariant Hamiltonians with
respect to a Poisson structure, where the r-matrix approach is feasible. Therefore,
the Lax equations for Mp(g1,g2) are solved via factorization problems in a loop
group. To be more precise, consider the Lie algebra g¢,,(C[h, h~1]) with the pairing

1 dh
(X,Y) = 277\/_ e 1tr(X(h)Y(h)) R
Let
(h) = 3" X, € glu(CIh)) | Xo € 1}
j=0
and

E={X(h)=> X;IW € gl,(C[h™"]) | Xo € £}.

J<0
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Then [ and € are subalgebras of g/,,(C[h,h~']) and we have g/, (C[h,h™']) =t @1
(with associated projections IT; and II;). Therefore, R= IT; — II; is an r-matrix.
Let A= 1(R—R*),S=1(R+R").
Theorem G. (a) For 1 <k < r —1, the Hamilton equation generated by J,j,
with initial condition (g1(0), g2(0)) = (g9, 93) gives rise to the isospectral deforma-
tion X = [X,I(h=*X (h)VTE.(X(h)))] on gln(Clh,h=]) with initial condition
X (h,0) = My(g?,93) (E- is the r-th elementary symmetric function).

(b) The isospectral deformation in (a) is the Hamilton equation generated by

the ad-invariant function
1 dh
H (X)) = — E.(X(h)——
k( ) 271'\/—_1 =1 ( ( ))hk+1

in the Poisson structure
1 -

[P HY(X) = S(A(F(X)X),dH(X)X) -

1

2

(A(XdF (X)), XdH(X))
1
2

N | =

+ 2(S(XdF(X)),dH(X)X) — = (S(dF(X)X), XdH(X)).

(¢) The solution of the initial value problem in (a) is given by
X(hvt) = Mh(gl (t>792(t)) = gil(hat)Mh(g%gg)gi(h»t)a 0 S t < T7

where g+ are solutions of the factorization problem

exp{tMn (97, 92)dHri(Mn(gY, 92))} = 9+ (h,t)g—(h,t)™",  h € CP1\{0, 00},

satisfying g_(co,t) € K, g_(h,t)"'g_(h,t) € &, h € CP\{0}, ¢.(0,t) € L,
g (h,t)"rg(h,t) € [, h € CP\{oo}. For (¢9,49) satisfying (GA1) and (GA2),
g+ (h,t) can be constructed by means of theta functions associated with the curve
C(99,99). Lastly, we recover g1(t), g2(t) using the information that A (g1(t), g2(t))
=Mk(g0, 90, 1<r<n—k, 1<k<n-—1,det(g2(t)n_r = det(g3(t))n—k, k =
1,...,n.

In this paper, we have restricted our attention to the r-matrix associated with
(1.4). If, in equation (1.8), we replace R by the r-matrix associated with the LU
decomposition or the Cholesky decomposition, the resulting Lax equations can also
be shown to be completely integrable on generic symplectic leaves of the associated
Poisson structures, but we provide no details here.

To conclude this introduction, let us remark that lattice Lax systems corre-
sponding to R and ¢ on a periodic lattice with more than two sites are much more
complicated. In this direction, preliminary investigation in the case where N = 3
and n = 2 already showed substantial differences from the case considered here,
and we hope to report on this in future publications.

Some of the results stated above have been announced in [L1].

2. POISSON STRUCTURE AND GENERIC SYMPLECTIC LEAVES

In this section, we describe the Poisson structure underlying equation (1.8) and
describe its generic symplectic leaves.

Recall that G is the identity component of the group of real, n x n invertible
matrices. We shall equip its Lie algebra g with the standard pairing

(2.1) (X,Y) =tr(XY), X,Yeg
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For ¢ € C*°(G), we define the left and right gradients D', Dy : G — g by

d d
= T t:OT/J(getX)a (DyY(g9),X) = % t:Ow(etxg)'

Since the pairing on g can be naturally extended to go = g @ g (Lie algebra direct
sum), for a function ¥ on G? = G x G, the left and right gradients can be defined
as above, and we shall write D'V = (D}, ¥, D4W), DV = (D1 ¥, D). Clearly,

(2:3) Di¥(g) = (Vi¥(9))" 9, Di¥(g) = 9:(Vi¥(9))", i = 1,2,

(2.2) (D'4(g), X)

where V;U(g) is the gradient of ¥ with respect to the i-th component g; of g. For
the r-matrix R defined in (1.6), we denote its dual with respect to the pairing (-, -)
by R*. Set

1
(2.4) A= §(R—R*).
Then R and A are solutions of the modified Yang-Baxter equation. Hence we have

Theorem 2.5 [LP]. Equation (1.8) is the Hamilton equation generated by H, =
poT in the Poisson structure

2

{2} = 5 37 (ADY), Do) — (ADyn), Dyn)

j=1

(2.6)
+ (S(Djth1), Ds_y1b2) — (S(Dj_191), Djibz))
on G*, where S = (R + R*) and the subscript j is taken mod 2.

Remark 2.7. Let w9 be the permutation (X1, X5) — (X2, X1) on g@ g, and denote
by (-,-) the natural pairing on g @ g induced by (-,-) on g. Then the Poisson
structure in (2.6) can also be expressed in the form

{12} = SUAD), D) — (A(DY), Di)
+ (w2 0 S(Dypy), D'ipa) — (2 0 S(Db2), D'ir)),

where the operators A and S have been extended to g @ g. We shall call this the
twisted structure, for reasons explained in [L2].

We now proceed to describe the generic symplectic leaves of this twisted struc-
ture. For h,z € C, (g1,92) € G2, let My .(g1,92) = Mp(g1,92) — zI, where
My (91,92) = g2g1 — hg2g3, and define the polynomial

J(g1,92; h, z) = det My .(g1, g2)

(29) _ Zn: ZT: Jrk(gla.QQ) hkzn—r.

r=0 k=0

(2.8)

Clearly, J(-,-; h, z) is invariant under the K2 action in (1.16). The homogenization

of J(g1,92; h, z) will be denoted by J(g1, g2; u, h, 2); thus,

J(g1, go;u, b, 2) = det (ugagr — hgagd — 2I)

= Z Z Jrk(g1, g2) u " FREZT

r=0 k=0

(2.10)
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For an n x n matrix M, let (M); denote the (n — k) x (n — k) matrix obtained
from M by deleting the first & columns and last k£ rows. For K =0,...,n— 1, we
introduce the polynomials

Qr(g1,92,A) = det (g1 — Agy i

(2.11) ek
=Y Folgr, 92" (91.92) € G*.
r=0
From the definition of the Q4’s, it is clear that
(2.12) Frkk(g1,92) = det(g1)k.
Also,
(2.13) For(g1,92) = (=1)" 7" det(g5 " )x

= (_1)n(n—k) det (gQ)n_k/det go.

Proposition 2.14. For each 1 < k < n — 1, the quantities sgn For, sgnF,_p
are constant on the symplectic leaves of the twisted structure.

Proof. We shall prove the assertion for Fy,. From (2.13), it is enough to show that
the sign of Fy(g1,92) = det (g2)n—k is constant on each symplectic leaf of { , }.
From the definition of Fy, we have D1F; = D1F, = 0, D2Fy(g1,92) = (F’“*I’“ 8)
and Dy Fy(g1,92) = (9 1%, ) (here I, is the k x k identity matrix). So in particular,
Dy Fi (g1, g2) and D5 Fy (g1, g2) are lower triangular matrices. Consequently, for any

P € C*(G3), we find

{Fe 0} = 3 Futr {(32) (Du + Dyw) — (15 §) (D2 + D)}

This shows the sign of Fy, is constant along the trajectories of Hamiltonian vector
fields. Since any two points on a symplectic leaf are connected by a piecewise
smooth curve, each segment of which is the trajectory of a Hamiltonian vector field
[W], the assertion follows. O

Proposition 2.15. det go is a Casimir function for the twisted structure.

Proof. First note that with the notation introduced in Remark 2.7, we can rewrite
(2.8) in the following way:

1

(2.16) {192} = 5 (D' = mao(Dyn), (D2 + m2(D2)))

— 5 (DU~ ma(D'n), (D + ma( D),

where the operators ITy and IT; have been extended to g g. Hence, for ¢ € C*°(G?),
we have

{1, det g2} = 3 (DY — m(DV), det go(1,1)) =0. D
Let
(2.17) o(g1,95) ={\ € C|det (g1 — Ag3 ) = 0}.

Definition 2.18. If the set o(g1,92) has precisely n distinct elements, we say
o(g1,gd) is simple.
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‘We now introduce the set
U={g=1(91,92) € G |[For(g) # 0, Furr(g) #0,

2.19
(2.19) k=1,...,n, o(g1,9%) is simple}.

It is not hard to show that U is non-empty, and therefore is an open, dense subset
of G2.

Proposition 2.20. The functions fnk(gl,gg) = Juk(g1,92)/det g2, 0 < k < n,
are Casimir functions of the Poisson manifold (G?, { , }), and are functionally
independent on U.

Proof. Note that j,m(gl, g2) = (—1)™ det g2 is independent of g1, so it is clear that
jnk, 0 < k < n, are functionally independent on /. To show that these functions
are Casimir functions, let j(gl,gg;h) = J(g1,92;h,0) = det(gag1 — hga93), h &
o(g1,9%F). In view of Proposition 2.15, it is enough to show {1, J(-,-,h)} = 0
for all 9 € C°°(G?*). To do this, we have to invoke the fact that J is invariant
under the K? action in (1.16). The upshot of this invariance property is that the
matrices D} J (g1, g2; h) — DaJ (g1, g2; h) and D4 J (g1, g2; h) — D1J (g1, g2; h) are both
symmetric. Thus, it follows from (2.16) that

o~

(*) 2{% J('? ) h)}(glng)
= (D'} — ma(DY), (D' T (g1, g2; h) + 2 (DT (g1, g2; 1))

Now, by direct computation, we find

~ ~

D1J(g1,92;h) + D2J(g1, 925 )
= J(g1,92; )2 T+ h My(g1,92) " 9295 — hgags (M (91,92))""),

whereas

~ ~

D1J(g1,92:h) + Dy J (g1, g2; h)
= J(g1,92; )2 T+ hgl Mu(g1,92) " g2 — hgl (MT(g1,92)) 2 g2).

Substituting these two expressions into (*) and using the definition of II; yields

~

2{2!}7 J(? B h)}(gl7g2>
=27(g1, 92; ){(Di3) — Do, I) + (Diytp — Dyp, 1)}

as desired. O

From Propositions 2.14 and 2.20, we now conclude that U is foliated by the
symplectic leaves of the twisted structure. Moreover, as we shall see, the associated
Poisson tensor has constant rank on /. Since I is dense in G?, we shall call the
leaves on U generic symplectic leaves.

For g € U, define [L3]

(2.21) Lik(91,92) = Frr(g91,92)/ For(91,92), 1<k<n—-1,1<r<n-—k.

In [L3], it was shown that these are invariant under the L? action in (1.16).

Proposition 2.22. The functions IAn_M(g) = (—1)”("_’“)In_k,k(g)/det go,1 <
k <n-—1, are functionally independent Casimir functions for the twisted structure
mU.
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Proof. From Proposition 2.15, it is sufficient to show that {¢, I,,_x 1} = 0 for all
1 € C°(U). To do so, rewrite (2.8) as

(223 (s} = 5 (D (D), (D + (D))
- % (D'tpg — ma(D1p2), (D91 + ma(DY1))).

By the invariance properties of the I,;’s, the matrices D11,—g k(g) — D5L—1 k(g)
and Dol _j k(g) — DiIn—k 1 (g) are strictly lower triangular. Thus, it follows from
(2.23) that

(0, Lok} = 5 (DY = ma(D'6), (DI s+ ma(D' Lo 1k))
(-1 H

2
But from the definition, it is not hard to see that

~

L1k (g) = det (g1)x/ det (92)n—r,

det g2 <D’L/J — 7T2(D/’L/J), HE(Dfn—k,k + WQ(D/fn_k7k))>.

so that len_k)k(g) + D’an_k)k(g) and Dgfn_k)k(g) + D’lfn_k)k(g) are both lower
triangular. As a result, I¢(DIp—gr + m2(D'I—kk)) = 0, which in turn implies
{t, In—k 1} = 0. To show that the I,,_j x’s are functionally independent, suppose

n—1 TT
Vil,—
E Oék( ;A k’k(g)) =0, geu.
= \Valurx(9)

If we multiply this expression on the right by g = (g1, g2), we find that

0 0
n—1 *
Z Tk (9)In—k _
(692 0 0 =0.
k=1 * ~
‘ s —In k. ix(9)Ik
In particular, this gives
) 0

« ~ I

Z ok Ik k() k 0 =0.

k=1

—in—k

As fn_k)k(g) #0, k=1,...,n—1, the above linear system has only the trivial
solution. O

For g° € U, let L4 denote the symplectic leaf of the twisted structure through
g° and set

Coe = {g €U | sgn For(g) = sgn For(9°), Tn—ri(9) = In—rx(9°)

~

(2.24) A
1<k<n—1, Juw(g) = Juw(g°), 0 <K < n}.

Theorem 2.25. Let g° € U. Then Lgo = Cgo, dim Lgo = 2n(n —1).
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Proof. 1If we express the twisted structure in the right invariant frame, the associ-
ated Hamiltonian operator n : G2 — End (g @ g) is given by

1
n(g):§(AngAoAdg_]__A+SO7T20Adg_1_Adgoﬂ-QOS>.

Now, using the invariance properties of fn_k,k and fnk/ together with Propositions
2.20, 2.22, we can check that these Casimir functions are functionally independent
on U. Hence Cgo is an 2n(n — 1) dimensional submanifold of I containing Lgo.
So 2n < dim ker n(g°). On the other hand, according to Propositions 4.6-4.9,
4.11-4.13, there exist n(n — 1) nontrivial integrals in involution with respect to
the twisted structure and functionally independent over an open, dense subset of
Lgo. In particular, this implies n(n — 1) < 1 (2n? — dim ker (g°)), i.e. 2n >
dim ker 1(g°). Combining the two inequalities, we conclude that dim ker n(g°) =
2n. Hence the rank of 1(g) is constant ( = 2n(n — 1)) on U, and therefore Lgo
Cyo.

Ol

3. ACTION-ANGLE VARIABLES AND THEIR PROPERTIES

We now introduce a set of variables which will turn out to be (essentially) the
action-angle variables for our lattice Lax systems.

The integrals naturally fall into two categories (with non-empty intersection)
according to their invariance properties. The first set has already made its appear-
ance in [L3]. Let A\g = Ai(91,92), 1 <7 < n —k, be the roots of the equation
Qr(g1,92; 7)) =0, 0 <k <n-—1, (g1,92) € U. They are clearly the eigenvalues of
the generalized eigenvalue problem

(3.1) (1 — )\Tkggl)k u =0, ue Crk,

Due to ambiguity in labelling the A,x’s globally, these are locally smooth func-
tions. The second set of invariants comes from the coefficients J,/x of the polyno-
mial J(g1,g2; h, z) introduced in (2.9), so that there is an associated affine curve

(3.2) Ca(g1,92) = {(h,2) € C* | J(g1,92; h, 2) = 0}.

To introduce the angle variables, we make additional assumptions:

(GA1) all the A.’s are distinet, 1 <r<n-—k, 0<k<n-1,

(GA2); zero is a regular value of J(g1,92;", ),

(GA2)y o(g2gd) is simple.

If (g91,92) € U satisfies (GA1), we can define
(3.3)

mek(g1,92) = (€2, (91 — Arkga )ity en—ki1), 1<r<n—k, 1<k<n-—1,
where ey, €,_ g1 are in the canonical basis of C* %1 As explained in [L3],
myi(g1,92) is the first component of a suitably normalized eigenvector of the gen-

eralized eigenvalue problem (3.1). Furthermore, the variables m,x(g1,g2) are non-
zero. Hence we can define

(3.4)
0rk(g1,92) = A log (mek (g1, 92) /mak(g1,92)), 2<r<n—k, 1 <k<n-1.

On the other hand, if (g1,92) € U satisfies (GA2), the affine curve Cq(g1, g2) is
smooth by (GA2);. Let C(g1, g2) denote the corresponding projective curve, i.e.

(3.5) Clg1,92) ={[u:h:z] € CP? | j(gl,gg;u,h,z) = 0}.
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Then from (GA2)2, C(g1,92) is also smooth. As J has degree n, the genus of
C(g1,92) is given by g. = (n — 1)(n — 2)/2. Its n points on the line u = 0 are
PP =[0:—1:pu,1<i<mn,and will be considered as points “at oo”. Note that
in contrast to the spectral curve associated with the Toda flows [DLT], C(g1, g2) is
quite general. Let ugagi — hgagl — 2 be denoted by M(g1,g2;p), p=[u:h:z] €
C(g1,92). We now define a pair of holomorphic embeddings of C(g1, g2) in CP"~1.
For p € C(g1, g2), define

(3.6) f(g1,92;p) = ker M (g1, 92:p), f7(g1.92;p) = ker (M (g1, g2;p))" .

By (GA2), dim ker M (g1, g2; p) = dim ker (M (g1, g2;p))T = 1, as the adjoint ma-
trix adj M (g1, g2;p) of M (g1, g2;p) is non-zero and has rank 1.

Proposition 3.7. If(g1,92) € U satisfies (GA2), then the kernel maps f(g1,g2; ),
T (g1, 92;°) : C(g1, 92) — CP" ! are holomorphic.

Proof. Let e;(p) denote the j-th column of adj M(g1,g2;p) and set U; = {p €
C(g91,92) | €j(p) # 0}. Then C(g1,92) = U?:1 Uj, and f(g1,92;°) | Uj : pr— e;(p) is
polynomial and homogeneous. On U;NUj, it is clear that e;(p) = g;x(p) ex(p), where
gjk : U; N U, — C* is holomorphic. This shows f(g1,92;-) : C(g1,92) — CP" ! is
holomorphic. The proof for f7 (g1, go;-) is similar. O

From now on, whenever the pair (g1, g2) is evident in the discussion, we will
denote the kernel maps simply by f and fT. Consider the hyperplane

(3.8) H={[z: ... :2,)€CP" ! |2 =0}

Then f(C(g1,92)) ¢ H, for otherwise, the vector e; in the canonical basis of C"
would be orthogonal to the eigenvectors f(PY), i = 1,...,n, of the matrix gogd .
Similarly, f¥(C(g1,92)) ¢ H. Therefore, the divisors

(3.9) D(g1,92) = f*H, D"(g1,92) = (f")*H

are well-defined. Now, the divisor of zeros of (e;, adj M(g1,g2;p)e1) is given
by D(g1,92) + DT (g1,92). By Bezout’s theorem, it follows that deg D(g1,g2) +
deg D (g1,92) = n(n — 1), and consequently, deg D(g1,g2) = deg DT (g1,92) =
n(n —1)/2 as M(g1,92;p) and (M (g1, ga;p))T are of equal standing. On the affine
part of the curve C(g1,g2) set u = 1; we obtain the coordinate functions h and z
which extend to meromorphic functions on C(gi, g2). Furthermore,

(3.10) (h) =P, — P_,

where Py are effective divisors of degree n and

(3.11) P.=) PL
i=1
Let
hkzn—r
(3.12) wrk = wrk(91,92) = ————————dh.

J2(91, 925 h, 2)
Proposition 3.13. For (g91,92) € U satisfying (GA2),

(a) the space H°(C(g1,92),8) of holomorphic 1-forms on C(g1,g2) is spanned by
wrk, 0<k<r—-3,r=3,...,n,
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(b) the I-forms

wp—j—1=—————dh,
"N W (g1, g2 h, 2)
7 =0,...,n—2, are meromorphic with poles only at Pi, i=1,...,n,
(c) the 1-forms
hk—lzn—k—l
1=———"—dh
B Y P R
kE=1,...,n—1, are meromorphic with poles only at P*, i=1,...,n.

Proof. (a) The proof is standard. By (GA2), all we need to check is regularity at
the points P*, i =1,...,n.

(b) The 1-forms wy,_; —1 have no poles on the affine part of C(g1, g2) except where
h =0, i.e. at the points P =[1:0:)\;], i=1,...,n. Near P* =[0: —1:
wil,

I b
dh ~ const - C

hJ.(g1,92; h, 2) h" kl;[ (fke — f14)

=const - u" " du, h=1/u

dh

and so wy,—;,_1 is regular at P, as j <n — 2.

(¢) Tt is clear that the 1-forms Wk+1,k—1, k =1,...,n — 1, have no poles on the
affine part of C(g1,g2). Near P =[0: —1: p],
hk+12n_k_1 n—k—1 dh

L S L

Wjzi(pi — ) h
(_1)n—k—1'u;z—k—l du
Wi (pi — pg)

and so wy4+1, k-1 has a simple pole at P?. The above computation also shows

—F dh
Jz(glag% h,Z)

. h=1/u,

that
—1)n—k-1 n—k—1
A ]

J#i
By Proposition 2.20, the elements of o(g1,gd) are constant on the symplectic

leaves of the twisted structure. Choose an h € (g1, g% ) and set

~ n(n—1
(3.14) Py=1[1:h:0], Do(gr.go) = %PO.
For (g1,92) € U satistying both (GA1) and (GA2), we define
D(g1,92)
(3153) ¢rk:(gl7g2)5/ Wr41,k—1, 1§k§7‘—1, r=2,...,n—1,
Do(g1,92)
D(g1,92)
(315b) ¢T0(gl,g2) E/ Wr41,—1, r= 1,...,77,— 1,
Do(g1,92)

(3.15¢)  ¢pr(g1,92)

1 D(g1,92)
5/\ w’r—‘rl,’r‘—17 T':].,...,n_l.
DT (g1,92)
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In (3.15b), the paths of integration going from points in Dy to points in D(g1, g2)
have to avoid the points Pjr, 1 = 1,...,n. These multi-valued variables ¢,q are
well defined because none of the points in Dy(g1, g2) and D(g1,g2) can belong to
{PL |i=1,...,n} by the invertibility of g; and (GA1). Now, it is possible that
P’ ¢ supp D(g1,g2) or supp DT (g1, g2) for some i. But note that since P’ €
supp D(g1,g2) & P € supp DT (g1, g2), the variables ¢,.,. are defined provided the
paths of integration going from points in supp D7 (g1, g2) N Ca(g1,92) to points in
supp D(g1,92) N Ca(g1,92) are chosen to stay entirely in C,(g1,92). The variables
introduced in (3.15) above are defined modulo the lattice A in the space C9+2(n=1)
generated by column vectors of the (g. + 2(n — 1)) X (2g. + n) matrix

Ly 0 0
(3.16) L=|Ly Ly 0],
L 0 Ls

where
(i) Ly is the g. X 2g. period matrix corresponding to the basis {wyr | 0 < k <
r—3, k=3,...,n} of H°(C(g1,92),Q) and a canonical basis 61,...,824, of
H1(C(g1,92),Z),
(ii) Lo is the (n — 1) x 2g. matrix whose (i, j) entry is §;; wi+1,—1,
(iii) Ls is the (n—1)xn matrix whose (i, j) entry is faj Wit+1,—1, where «; is a small
simple closed contour enclosing the pole P_{ =[1:0: Aj] of the wiy1,—1’s,
(iv) Ly is the (n — 1) x 2g. matrix whose (i, ) entry is §;, wir1,i-1,
(v) Ls is the (n — 1) x n matrix whose (4,j) entry is fgj Wit1,i—1, Where f§; is
a small simple closed contour enclosing the pole P? = [0 : —1 : y;] of the
Wit1,i—1'8-

By the residue theorem, we have explicitly that
)\n—i—l
f Wit1,—-1 = 27T\/ -1 J
Qi ']

z 5 70a>\ ’
(3.17) (91,920, ;)

lur_z—i—l
f Wit1im1 =21V —1 = ! .
8; J:(91,92;0, =1, )
Since the sum of residues of the meromorphic 1-forms wj41,-1,wit1,i—1 is zero, it
follows that the vector 1 = (1,...,1)T € C™ belongs to both ker Lz and ker Ls.
By a Vandermonde type argument, we can actually show that ker Ls = ker Ls =
span 1. Consequently, A is a lattice of rank 2¢g. + 2(n — 1) = 2(g9. + n — 1).
At this juncture, it is convenient to count the number of variables. The integrals

defined on generic symplectic leaves L, 4.y, Where (g1, g2) € U satisfies (GA1) and
(GA2), are given by

Mk, k=1,....n—1; r=2,...,n—k,
Jrgr, K =0,...,7; r=1,...,n—1.

Therefore, the total number of integrals equals

y (n—k—l)—i—i(?“—i—l):n(n—l).
k=1 r=1
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The conjugate variables for these integrals are constructed from

Ork, 2<r<n-%k 1<k<n-1,
Orrgry, 2<r' <mn—1, 1<k <r —1,
¢r0, 1<r<n-1,
Grry, 1<r<n-—1.

Again, this adds up to n(n — 1).

Next, we describe the invariance properties of the various quantities that will
play a role in the computation of Poisson brackets in the next section. As the
variables A, and 0, have already been discussed in detail in [L3], we shall restrict
ourselves to quantities associated with the spectral curve here.

Proposition 3.18. Let (g1,92) € U satisfy (GA1) and (GA2). Then

(a) Jrk(hlglhgl, thth_l) = Jrk;(gl,QQ) fO?” hl, hQ € K, 0< k <r, 1<r< n—l,

(b) Gri(higihy ' hagahi") = ¢pi(gr, g2) for hi,ho € K, 1<k <r—1,2<r<
n—1,

(¢) ¢ro(higihs ', hagohi ) = ¢ro(g1,92) for hi € K, hy € K = {k € K| key =
e1} and hy, he sufficiently close to the identity, 1 <r <n —1,

(d) ¢rr(h1gihy ' hogohi ) = (g1, 92), b1 €K, ho € K, 1 <r <n-—1.

Proof. (a) This is obvious.
(b) Let f be the kernel map defined earlier and introduce the meromorphic
function m, m(p) = (e1, haf(p))/(e1, f(p)), where hy € K. We have

D(g1,92)

¢Tk(91792) = / Wr41,k—1

Do(g1,92)

Do(higihy ' hagahih) D(higihy ', hagahi")
= / Wr41,k—1 +/ Wr41,k—1

Do(g1,92) Do(h1gihy ', hagahit)

D(g1,92)
+ / Wr+1,k—1,
D(higihy ' hagahit)

and the first term on the right hand side in the above expression is zero as Do(g1, g2)
= Do(h191, h2_1, hggghl_1>. Since (m) = D(hlglhgl, hggghl_l)—D(gl,gg), it follows
from Abel’s theorem that the last term in the above expression is also zero.

(c) Clearly, the stipulation that hi,hs are close to the identity is to ensure
that (hlglhgl, h292h1_1> € U and satisfies (GA1), so that (bro(hlglh;l, h292h1_1> is
defined. From the definition of K, we have (e1, haf(p)) = (e1, f(p)) for hy € K,
which implies D(hlglhgl,hQQth_l) = D(g1,92). The invariance of ¢, is now
obvious.

(d) This follows from the invariance of the divisors D(g1,g2) and DT(g1,g2)
under the action (g1, g2) — (hlglhgl,hggghl_l), hi€ K,hy € K. O

Now, as in Proposition 2.14 of [DLT], we can show that the functions 6,, ¢,k
are smooth on the open set of matrices which lie in I/ and satisfy (GA1), (GA2).
Hence we have

Corollary 3.19. Let (g1,92) € U satisfy (GA1) and (GA2). Then
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(D1Jvk(91, 92) — D5 Jri(g1, 92),€) =0,
(D2Jri(91,92) — D1 Jri(91,92),€) =0

foralléet, 0<k<r 1<r<n-1.

(b) (D1¢rk(g1,92) — Dadri(91,92),§) = (Dadrr(g1, 92) — D1dri(g1,92),€) = 0 for
alléet, 1<k<r—1, 2<r<n-1,
(c) foranyl<r<n-—1,

(D1¢r0(91,92) — Dy¢ro(g1,92),6) =0 for all § € &,
(D26r0(91,92) — Didro(g1.92),m) =0 for all n € t= Lie(K),
(d) forany1l<r<n-1,
(D1¢rr(91,92) — D5¢rr(91,92),6) =0 for all § € &,
(D2¢rr(91,92) — Didrr(91,92),m) =0 for alln € .

To conclude this section, we now show that the set of (g1, g2) € U which satisfies
conditions (GA1) and (GA2) is an open, dense subset of G? of full measure. Indeed,
it is clear that {(g1,92) € U | (¢1,92) satisfies (GA1) and (GA2)3} is open and
dense in G? and has full measure. To handle (GA2);, note that from the relationship
between common zeros of homogeneous polynomials and resultant systems [VdW],
it is enough to exhibit an element in G? with the property that the polynomials

j(glagQ;uvhaz)a jh(glng;ua h,Z), jz(g1,92;u,h,z)
do not have a common zero in C3\{0}.

Proposition 3.20. There exists an element (g}, g5) € G* such that 0 is a regular
value of J(g}. gy --) : C\{0}  C.

Proof. Let

gl = I7 §2 = . .. )
Yn
where the ~;’s are distinct positive numbers. Consider the map

J i Nigi gy x (C*\{0}) — C
defined in (2.10), where N4, 4,), is a small neighborhood of (g1, g2) to be specified in

a moment. We would like to show that 0 is a regular value of J. For this purpose, it
is enough to restrict ourselves to the annulus {(u,h,z) € C* |1 < ||(u, h, 2)|| < 2},
and, for N4, 4 sufficiently small, all we need to do is to show that J(g1, g2; u, h, 2),
Jh(ghgé; u, h7 Z)7 JZ(§17§2; u, h7 Z)7 VIJ(§17§2; u, h7 Z) and VQJ(QH, g27 u, h7 Z) have
no common zeros in this annulus. Suppose the contrary, then from

ViJ (g1, Gos u, hy 2) = u(adj(ugagr — hgado™ — 2))go,

we have either u = 0 or adj(ugagi — hgaga’ — z) = 0. If the latter is the case, then
from

(adj(ugagy — hgage” — 2))1n = (=1)" T (u— hy2) ... (u — hya))
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and
(adj(ugagy — hgaGe" — 2))n1 =72V B!

we conclude that h = v = 0, and hence z = 0 from j(g],g}; u,h,z) =0. As (0,0,0)
is not in the annulus, we conclude that adj(ugagy — hgaga’ — z) is never zero in the
annulus. Hence we must have u = 0. But from

V2J(g1,G2;0,h, 2) = —2h G2 adj(—hgago™ — 2)

it follows that h = 0. Again, this implies 2 = 0, which is not possible. Hence 0
is a regular value of J : N4, 4, X (C*\{0}) — C for N4 4,) sufficiently small, as

desired. But then by transversality [GG], 0 must be a regular value of J(gf, gb; -, -, -)
for some (g1, 95) € Nig,g)- -

Remark 3.21. Note that (GA1) and (GA2) are not common to all elements which
lie on a generic symplectic leaf of the twisted structure.

4. POISSON BRACKETS

In this section, we establish the claim that the variables introduced in section 3
are essentially the action-angle variables.

To begin the computation of Poisson brackets, observe that with the notation
introduced in Remark 2.7, the twisted structure in Theorem 2.5 can be expressed
in the following three ways:

(4.1a) 2{7/11,1/12} = <D/7/11,7T2(D1/12)> - <D7/11,7T2(D/1/12)>
+ (D'tpy — ma(D1p2), e(D't)1 + ma(Dyr)))
+ (Dip1 — w2 (D" ), (Do + w2 (D'1h2))),

(4.1b) 2{th1, b2} = (Dtpy, ma(D"th2)) — (D'th1, ma(Dha))
— (D"thy — mwa(Dpa), I (D" 4 m2(D¥1)))
— (D1 — w2 (D'91), I (Dg + ma(D'1h2))),

(4.1c) 2{¢1, 2} = (Dip1 — ma(D'9P1), e (Depy + mo(D"1h2)))
— (D'ypg — mo(Dpa), I((D"thy + ma(Dipr))),

where the projection operators Il and II; have been extended to g & g. If, for
hi,hs € L,

(4.2a) F(higihy*, hogahit) = Fg1, 92),
then by differentiation, we find that

(4.2b) D1F — DyF, DoF — D\ F are strictly lower triangular matrices.
Similarly, if

(43&) H(klglkglv ngle_l) = H(91792)7 klakQ € Ka

then

(4.3b) D1H — DYH, DyH — D} H are symmetric matrices.
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Therefore, if ¥1 and 12 both satisfy (4.3a), then from (4.3b) and (4.1a) we have
(4.4)
2{tp1,¥2} = (D41, m2(Diha)) — (Dipy, m2(D"t2))
= (D11, Datpa) + (Dyth1, Divpa) — (D11, Dyta) — (D2tpr, D).

On the other hand, if 4 satisfies (4.3a), while 15 satisfies (4.2a), then from (4.2b),
(4.3b) and (4.1c), it follows that

(4.5) {1,192} = 0.

In the following, we shall evaluate the Poisson brackets at a point (g1, g2) € U
satisfying (GA1) and (GA2).

Proposition 4.6. (a) {\rk, Jrr}(g1,92) =0, k>1, k' >0,
(b) { Ak drir }(g1,92) =0, 2<r<n—-Fk 1<k<n-1, 1<k <¢r' -1, 2<
v <n-—1,
(C> {erk7JT’k’}(gl7gQ>:07 2§T§n_k7 1 Skgn_]w k/ 207
(d) {brk, Drir H(g1,92) =0, 2<r<n—k, 1<k<n—-1 1<K < -1, 2<

v <n-—1.
Proof. This follows from Proposition 3.18 (a), (b), the invariance properties of
Arks Or [L3], and (4.5) above. O
Proposition 4.7 [L3]. (a) { Ak, A }(g1,92) =0, 2 <r <mn—Fk 2<71 <

n—k,1<kk <n-1,

(b) {0k, i Y91, 92) = Oprbprr, 2 <7 <m—k, 1 <k<n-1,2<7
n—FkK,1<kK <n-1,

(¢) {0k, 0rk}(g1,92) =0,2<r<n—k 2<r<n—-Fk,1<kk <n-1.

IN

Proposition 4.8. {J.x, Jrr}Hg1,92) =0, k, k' >0.

Proof. Let Hy .(g1,92) = logdet (gag1 — hgagd — 2), [1:h:z] €C(g1,g2). From
Proposition 3.18(a) and (4.4), we have

2{Hp 2, Hpr 2} (g1, 92)
= (D{Hp 2, DoHp ) + (DyHp o, D1Hp 20)
(4.9) — (D1Hy,, DyHyyr o) — (D2 Hp 2, D1 Hpy o)
= (D\Hp,. — DyHyp 2, DoHpr oo + Dy Hy 1)
— (D1Hp,z — DyHp o, DyHyr oo + D1 Hyy o).
Now, by a straightforward computation, we get D1Hy, »(g1,92) = g1(M}, — 2) o,
and DyHy, (g1, 92) = I + 295 (M), — 2) "' go — hgd (M}, — 2)~Tgo. Hence,
D1 Hy 2(91,92) — DyHn 2(91,92) = hgs (Mp — 2)™" + (My, — 2) ") ga,
while
D1Hpr 2(91, 92) + Dy Hpr 21 (g1, g2)
=21 +22g; (M — 2") g+ gy (M — 2') 7" = (M = 2') ") ga.
Similarly,

D\ Hy 2 (g1,92) — DaHp 2 (g1, 92) = h(Mn — 2) " 'g293 + 9293 (Mp — 2)~ "),
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DyHy (g1, 92) + D1 Hpr 20 (91, 92)
=20+ 22/ (M — 2') 7 + W (M — 2') " gag3 — g2g5 (M — 2')").
Therefore, when we substitute these expressions into (4.9) and simplify, we obtain
2{Hp =, Hpr 21} (g1, 92)
= h((Mn = 2)""9205 + 9293 (Mn — )77, 21 + 22" (M = 2/)71)
— (g3 (My = 2) "' g2+ g3 (Mp, — 2)" g, 21 + 2295 (Mw — 2') "' g2)
= 20" tr ([(My, — 2) 7", 9203 )(Mp — 2)71)
But g2g92 = (Mj, — My/) /(W — h); hence it follows that

Q{Hh,Z7 Hh’7z’}(gla gQ)
2hz’'

= = o (M = )7 M) (M = 2)7)
- % tr ([My, (Myr = 2") 7 (My, — 2)71)
=0.

O

Proposition 4.9. (a) {drk, i }(g1,92) = =6 O, 1 <k <r—1,2<7r <
n—kk >0,
(b) {¢r07 Jr’k’}(gth) = _6k’0 6TT’7 1 S r S n— 17 k'J Z 0.

Proof. (a) As in Proposition 4.8, consider

Hiy 2 (91, 92) = log det (g2g1 — hogags — 20), [1: ho = 20] & C(g1, g2)-
From (4.1c) and (4.3b), the Hamilton equation generated by Hp, », is given by

) 1 1
g1 = 591(HI(D/1H’107Z0 + D2Hh0720)) - §(H[(D1Hh07zo + DI2Hh0,Zo)>glv

g2 = %QQ(H[(Dthsz + DyHp,,2,)) — %(HI(DQH}LWO + DaHpg 2y))g2-
This induces a flow on My, = My(g1, g2), and a direct computation gives an equation
in Lax pair form:
(4.10) My, = [Mp, By]
where

hZQ
ho —h

B, = %H[(Dlth07Z0 + DQHho,Z(J) + (Mho - 20)_1'
Let P, = [1 : ho : zi(g1,92,h0)] € Clg1,92), ¢ = 1,...,n. To compute
{brk, Hng 2z } (91, g2), it is enough to evaluate it on the open dense set of (g1, g2) € U
satisfying

(i) supp D(g1,92) N{(h,2) | J:(91,92: h, 2) = 0} = ¢,

(i) supp D(g1,92) C Calg1,92),_ R

(iii) supp D(g1,92) N {(h,2) | nggl,gz;h,z) = 0} = ¢ where J,(g1,92; h,2) =
det (Mp,~(g1,92))" (for a matrix M, M is the submatrix obtained from M by delet-
ing the first row and column),

(iv) supp D(g1,92) N{P}y = ¢,

(v) Ptz n{(h,2) | J=(91, 92: h, 2) = 0} = 6.
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So suppose (g1, g2) satisfies (i)—(v). By (i), (i) and (iii), supp D(g1, g2) is in the
affine part of C(g1, g2) away from the branch points, so in the neighborhood of each
of the points D; = [1 : h; : 2] € supp D(g1,92), we can use h as local coordinate.
Similarly, by (v), we can use h as local coordinate in the neighborhood of each
of the points P;. Let (g1(t),g2(t)) denote the solution of the Hamilton equation
generated by Hp, ., with initial conditions ¢1(t = 0) = g1, g2(t = 0) = g2. Then
Rt dh,

{Qbrk,th zo}(91792 }t 0¢’Tk(gl( ) gQ(t)) = Jz(hi Zi) E|t:0

Now let f(h,t) denote the representative of the kernel map f; of M(g1(t), g2(t),p)
near h;. Then from the defining relation (eq, f(h;, t)) = 0, we obtain
%| __hizo (e, (My, — 20) "' f(ha))
dt =0 hO - hz (61, %(h/“ 0))
where we have used the explicit form of Bj. Thus,
{@rks Hng 2 } (91, 92)
—Z hk P20 (e, (Miy — 20) "M f(i))
(ho = hi)J:(hi, 2;) (e1, 2L (h;,0)) .
To evaluate this, we apply the residue theorem to the meromorphic 1-form
(e1, (Mn, — Zo)_lf(h))hzow .
(ho — h) (ex, f(h)) B

which has poles precisely at the points P;, ¢ = 1,...,n, and supp D(g1,g2). This
gives

)

(e1, (M, — 20) "L (h))hzo
P T h)(el,f(h))

Zi ho r—1
=h
OZOZZ: (zi(ho) — 20)J=(ho, zi(ho))

{brk, Hng 20 } (91, 92) = — Wr41,k—1

%

TN P R I
0<0 R—o |z|=R (Z — ZQ) (ho, ) 2w/ —1 J(h0720)
k.n—nr

—hgzy

= Tlhe ) asr > 2.
(hOaZO)

{¢TkaHho zo} ( Z {¢rka /k/}ho 5

k.//

the above computation shows that {¢rk, Jr x } (g1, 92) = —6pr Skt -
(b) For ¢, the same argument shows that
Zl(h())n_r_l _Z(rJz T

{¢T07H}L0,ZO}(91792 —zOZ Zz hO _ZO> z(ho,zi(ho)) = (hOVZO)?

which implies {¢ro, Jri } (g1, 92) = —Ok00rr. |
Proposition 4.11. {¢wr, Jrir g1, 92) = —6ppOprrer, 1 <r <n—1, K >0.
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Proof. We shall use the notation introduced in the proof of Proposition 4.9. To
compute the bracket {¢p,, Hp,, 2, }(91, 92), it is enough to evaluate it on the open
dense set of (g1,¢92) € U satisfying (i)—(iv) in the proof of Proposition 4.9 plus
analogous conditions for DT (g1, g2). So let (g1, g2) satisfy these conditions. By

assumption, DT (g1, gs) consists of 2n(n — 1) distinct points D; = [1 : R} : 2.
Therefore,
DT " r—1 /n—r—l /
h,; , dh’,
w 1, H, ,g2) = E 4 !
{/Do r+1,r—1 h07z()} (91 g2) i (h;, ;) dt ‘t:O

Let fT(h,t) be a representative of the kernel map fI of (M(gi(t), g2(t); p))T near
h}; then

dn) orr ort .,
dt (617 ot (h ))/( 1aW (hiao))
BT T h/ afT h/ 0
__(617 hgf ( i))/(ehm( i ))
T
= — zo(ex, (Myy — 20) 5T () (ex, S (1)
00 o (M — 20) T () f(en, 2 ()
ho — R\ P A0 ET

(from (4.10)). Hence,

pT
(T) {/D Wr41,r—15 Hho,zo} (91792)

h’f 15" (ea, (Mg — 20) T (R)
ZOZ h/

i) ;) (617% (h/))

h r—1 ln r—1 , M 0 — =TT h'
g 3 B el )
) 7,) (hO - hz) (617 oh (hz))

Applying the residue theorem to the meromorphic 1-form

zo(e1, (Mp, — 20) "' f1(h)) w
(el,fT(h)) r+1,r—1,

which has poles at supp DT (g1, g2) and {P?}? ;, we find that

first term in ()

_ zo(er, (Miy — 20) /7 (1))
B e e ) AR

= resys zo(er, (Mn, — 20) "' " (p))

(e1, /T(p)) e

= (~1)n Ly ex, (Mn, — 20)"' f(PL))  pi "
= 20 Z el,f(Pi)) H( 1 _Mi>.

i#]
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Similarly, by applying the residue theorem to the meromorphic 1-form

hozo (e1, (My, —20)" 7 f¥(h)) w
h() “h (eth(h)) r+1,r—1,

which has poles at D”(g1,g2) and {P;}}_,, we find that

second term in (1)

B hozo  (e1, (Mp, —20)" " f7(h))
ER e T () B

_ Z hSZO Zj(ho)n_r_l
J

Putting things together, we get

DT
{/ Wr41,r—1, Hho,zo} (91792)
Do

— hgzg_r _1\yn—r—1 (ela (Mho - ZO)_lf(PZ)) M?_T_l
~ J(ho, 20) 1) 20 EJ: (el,f(Pi)) (Ej) Vo)

In a similar way, we find that

D
{/ Wrgl,r—1, Hhmzo} (91,92)
Do

— ng_r _1)ynr=1y, (617 (Mho — zo)_lf(Pz)) M;}—T—l
" Tl T 2 ) T ()’

D 0
—2h7 2
v H o Y (g gy = 22020
{/DT Wrt1,r—1, Hpg, o} (91,92) J(ho, 20)

i#]
Proposition 4.12. (a) {¢r0, \rir}(g1,92) = 0, 1 <r <n-1,2 <7 <
n—kK,1<kK <n-1,
(b) {ér0,0r i }(91,92) =0, 1<r<n—-1,2<r<n—-Fk,1<kE <n-1.

and hence

Proof. Let F' = Ay or 0,1/, then by the invariance properties of these variables
[L3] and (4.1c), we have

2{¢r0, F}(g1,92) = (Dro — m2(D'¢r0), e(DF + ma(D'F)))
(%) = (D1¢ro — Dydro, Ie(D1F + Dy F))
+ (D2¢ro — Dy¢ro, (D2 F 4 D1 F)).
Now, from Corollary 3.19, (D1¢r0 — Dsoro,&) = 0, (Da2¢rg — Didro,n) = 0 for

~

all ¢ € ¢ and for all n € €. This immediately implies the vanishing of the first
term in (*). For the second term, note that II,(D2F + D1F) = 2II(D}F) as
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DyF — D F is strictly lower triangular. Then, by the definition of \.; and the
proof of Proposition 4.14 in [L3], the first rows of Dj\.x and D}(m,/myy) are
equal to zero. Consequently, ITe D]k, e D} (m,r/mag) € %, and this implies that
the second term in (k) is also zero. |

In a similar fashion, we obtain

Proposition 4.13. (a) {¢pr, Mk }(g1,92) = 0, 1 < r <n—-1, 2 <7 <
n—FkK,1<k <n-1,
(b) {Grr, 0} g1,92) =0, 1<r<n—1,2<r <n—FK, 1<k <n-1

Remark 4.14. A calculation similar to that in the proof of Proposition 4.9 (a)

yields
pT
{/ Wr41,k—1, Jr’k’} = 6rr’6k:k:’7
Do

1<k<r-—1,2<r<n-—k,K >0. However,

DT D
/ Wr41,—1, Jr’k:’ 7& - / Wr41,—1, Jr’k:’ .
D() DO

Corollary 4.15. The lattice Lax systems (1.8) are completely integrable on generic
symplectic leaves of the twisted structure.

Corollary 4.16. Let (¢5,95) € U satisfy (GA1) and (GA2). Then the level set of
integrals

(91, 92)
={(91,92) € L(go,99)|Ak(91,92) = Mrk(97,93), 2<r<n—k, 1 <k<n-1,
T (g1, 92) = e (95, 93), 0 <K <o/, 1<70" <n—1}
is a smooth manifold of dimension n(n —1).

Corollary 4.17 (Local uniqueness). Let (¢5,95) € U satisfy (GA1) and (GA2).
Then the variables Ak, Ori, Jrigkr, Grigry Origy Griper provide a diffeomorphism from
a complex neighborhood of (g7, 95) in the complexification of Lge 49y onto an open

set in C2n(n—1)

Let I(g%,g35) be the level set of integrals in Corollary 4.16. If (g1, ¢92) € 1(95, 93),
then o(g1,93) = o(g5,957) and J(g1, g2; h, 2) = J(95,95; h, 2), so that (g1, g2) also
satisfies (GA1) and (GA2). Therefore, we can define the linearization map
(4.18)

L:1(g7,95) 3 (91,92) = (Ork(g1,92), 2<r<n—k,1<k<n-—1L
br(g1,92), 1<K <1’ =1, 2<¢" <n—1;
$jo(91,92), 1 <j<n—1; ¢jj(g1,92), L <j<mn—1).

Remark 4.19. Consider the map ® : 1(g5,93) 3 (g1,92) — (drrr(g1,92), 1 <
E<r—1,2<7 <n-1 ¢jo(g1,92), 1 <j <n—1; ¢ji(g1.92), 1 <j <
n—1) € C9+2("=1) /A which is part of the linearization map defined above, and let
p: C9et2(n=1) /A — C9+7=1 /A’ be the natural projection onto the first g. +n — 1
components (here A’ is the lattice in C%*"~! generated by the column vectors of
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the submatrix (%; Los) of L). We can interpret the non-compact abelian Lie group

C9<+n=1 /A’ and the map po ® in terms of known constructs in algebraic geometry
as follows. Let S be the support of the divisor P,. By identifying the n points of .S
as one, we obtain the singular curve Cp, (95,95) = (C(g%,95)\S) U{Q}, where Q is
its unique singular point. From the theory developed in [R1], [R2] (see also [S] ), the
dimension of the space Q(—Py) of everywhere regular differentials on Cp, (g7, g5) is
given by its arithmetic genus p,(Cp, (97,95)) = ™ = g. +n — 1. Moreover, a 1-form
w on the curve C(g7, g3) is regular at Q iff 3, g respw = 0 and ordpw > —1 for
all P € S. By this criterion, the 1-forms ws _1,...,wy,—1 are everywhere regular
differentials on Cp, (97, 95), the set {wyr | k+3 <r <n, k=—-1,...,n— 3} is
a basis of Q(—Py), the abelian complex Lie group C%*"~1/A’ is the generalized
Jacobian Jp, in the notation of [S], and the map Ap, : C(g7,95)\S — Jp,, P —
(fliz Wrk, kK+3<r<n, k=0,...,n—3; fg) Wj+1,-1, j = 1,...,n—1) is the gen-
eralized Abel-Jacobi map, for which there exists an analogue of the classical Jacobi
inversion theorem [R2]. As in the classical case, Ap, can be extended to a map from
the group of divisors prime to S to Jp,, and we shall denote this extension again
by the same symbol. Now, for (g1, g2) € 1(g5,93), the divisor D(g1, g2) is prime to
S by the invertibility of g1 and (GA1). Hence the map po ® is the composite of the
map I(g97,95) 3 (91,92) — D(g1,92) and the generalized Abel-Jacobi map Ap, .
On the other hand, the definition of the remaining variables ¢;;(g1, g2) of the map
® involves the divisor DT (g1, g2) in addition to D(g1, g2). For this reason, it is not
clear if there is a way to fit these into the above picture.

5. INJECTIVITY OF THE LINEARIZATION MAP

Instead of considering the map L defined at the end of the last section, we shall
replace it by a map L° into real variables. Let I¢(g7,¢g5) denote the connected
component of I(g7,g5) containing (g%, g5). For each 1 < k < n — 1, there are two
possibilities for the reality of Ak, either

(a)r di > 0 of the generalized eigenvalues A, are real, and we order them as fol-
I_OWS: >\1k‘7 ey )\dkka )\dk+1,k1 )\dk+2,k = >\dk+1,k‘7 ey )\dk+26k—1,k51 Adk—‘rQCk,k‘ =
>\dk+2(;k—1,k‘a

or

(b)r all the generalized e_igenvalues Ark are complex, i.e. di = 0, and we order
them as Aig, Aok = Ak, A3ky Mk = A3k, .. ..

For each 1 <k <n — 1, define Oy, : I°(¢%, g5) — R¥*~1 x R x T by

®k (gl7g2>: (Llo mzk(gl,gz)‘w”’ 1 )mdk’k(gth)) '
A2k mik(g1, g2) Xy ke mak(g1, g2)
(5.1&) 1 1Og mdk+1,k(gl7 92) )7 mdk+3)k(gl7 92> )
[Adi+1,k] mik(91,92) 1 |Adu43.k] Mk (91, g2)

<. arg mdk-‘rl,k(gh 92>7 arg mdk+37k(gl7 92>7 cee )
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in case (a); and O : I¢(g5, g5) — R ™1 x T by
(5.1b)

1 m3k(gl 92) 1 mac —1.k(91 92)
e , = lo : ‘, S L 0 7 ‘
(91,02) <|)\ k| mik (91, 92) A2~ 1,5l mik(91, 92)

arg mix (g1, 92), arg mar(gi, g2),...,arg mzck—l,k(91,92)>

in case (b)y
Putting the Oy’s together, we have a map

(5.2) 0 : I°(g, g3) — R D=2 =Xuee o pXper,

O(91,92) = (©1(91,92), - - -, On-1(91, g2))-

Now, replace ¢,(g1,92) by ¢9,.(91,92) fD((h’gz) Wrt1,k—1, k> 0. Then ¢, and

¢rr are real-valued (mod A). Therefore, we can define

(5.3) ®:I°gt, 95) — R%(n—l)(n—2)+2(n—1)/A7

D(97,95) = (7k(91,92), 1<k <r—1,2<r<n-1L
P50(91,92), 1 <j<n—1; ¢j;(g1,92), 1 <j<n—1).
Putting © and & together, we obtain the map
(5.4) L°: I9(¢2, ¢3) — REM—D(=2=Y, iy p¥er o (R%<n—1><n—2>+2<n—1>/A) ,
i.e.
L°(g1,92) = (©(g1,92), ®(91,92)).

The goal of this section is to establish the injectivity of L°.
For (g1,92) € I°(¢%, 95), consider the generalized Schur decomposition [MS]
(5.5) g1 = urliuy , g2 = uglouy,

where u1,us are unitary, ¢1,¢> are lower triangular. The diagonal entries of f5¢;
are the eigenvalues of gog; in some order which will be fixed in the subsequent
discussion. As {205 is positive definite,

(5.6) bl = OpO™,

where O is unitary and p = diag (1, ..., n). The entries of 1 in some order will
also be fixed in what follows; they are clearly the eigenvalues of gogZ. We shall
choose O in such a way that u»O is a real matrix. This is possible as gogd is a real
matrix.

We now extend the definitions in section 3 to complex matrices wy, we € GL(n, C)
in the obvious way, i.e.

(5.7) J (w1, we; h, z) = det(wawy — hwawd — z),
M, (unwe) = wowy — hwaws — 2.
Then, with the notation in (5.5) and (5.6), we have
(5.8)  J(g1,92;h,2) = J(l1,l2;h, 2) = J(O* 10, O*l30;h, z),
M2 (g1, 92) = uaMy, . (L1, €2)ul = usOM;, . (0*010, O*£:0)(u20)".
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Consequently, the kernel vectors f(gi1,ge;p) and f(O*¢10, O*(30;p) are related
by

(5.9) f(g1,92:p) = u20f(O* 410, O™ 405 p).

Clearly, the divisor D(O*¢10, O*{50) contains the points

(5.10) Pl =10:—1:pu, i=2,...,n,

and so

(5.11) D(0*010, 0*1,0) = D'(0* 1,0, 0*6,0) + Y P
i=2

The following lemma is a special case of a general result which has been discussed
by a number of authors [RSTS], [V] in various languages.

Lemma 5.12. The divisor D'(0O*£10, O*¢50) is regular.

Corollary 5.13. If ]?J(p) = (e, f(O*10, O*20;p))/(ex, fF(O 410, O*L50;p)),
7 >2, then

(f;) = —D'(0*6,0, O*4,0) + P — P!
and the divisor D'(O*(10, O*(30) — P! + Pl s reqular.

To show that the map L° is injective, suppose (g1,92), (1,32) € I°(9%,95) and
L°(g1,92) = L°(g1, J2). Consider the generalized Schur decompositions

g1 = urbius, g2 = uzlouy,
g1 = ﬂ1£~1ﬁ3, g2 = ﬂzgﬂtf,
where (501, /301 have the same diagonal part. Corresponding to £z and [2, there
exist unitary matrices O and O such that
éQé; = O‘LLO*7 £~2£~§ = OMO*, n= diag (‘ul’ cee ,LLTL)
Moreover, O and O are chosen so that the matrices u2O and @20 are real.
Step 1. D(0*110, 0*(,0) = D(0*,0, 0*(,0).
Proof. From ¢2,(g1,92) = ¢21.(G1,§2), k > 1, and Abel’s theorem, we have
D(g1,32) D' (0*6,0, 0*£,0)
0 :/ Wr41,k—1 :/ Wy k—1-
D(g1,92) D’(0*£,0, O*£20)

Since {wyr1 -1 | 1 <k <r—1, 2 <r <n-—1}is a basis of H°(C(g%,95),?),
it follows from the converse of Abel’s theorem that there exists ¢ meromorphic on
C(g%,939) such that (¢) = —D'(0*£,0, O*£,0) + D'(0*4,0, O*(;0). But then ¢
must be constant by Lemma 5.12, and so the assertion follows. O

Step 2. fj(é*fl(j, O~*€~20~;p) = Q5 fj(O*élO, 0*620;])), &7} 7é 0.
Proof. This is immediate from Step 1 and Corollary 5.13. O
In particular, oy = 1. Let a = diag (aq,...,an).

Step 3. D(91792) = D(g17g2>7 DT(.gl?g?) = DT(g17g2>'
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Proof. Let f(p) = f(O*410, O*4;0;p) and fT(p) = f1(O*¢10, O*4;0;p). As in
(5.9), we have fT(g1,g2;p) = u20 fT(O*1;0, O*(20;p). Therefore, the divisor of
the meromorphic function v(p) = (e1,u20f(p))/(e1, w20 f(p)) is given by

(v) = D(g1,92) — D(g1, g2),
where we have used the result in Step 2. Similarly, if we define

(e1,u20f(p)) (€1, 8200 fT(p))
(e1,u20fT(p))  (e1, U0 fT(p)) ’

w(p) =

then
(w) = D(g1,92) + D" (91, 92) — D(§1,G2) — D" (g1, 92)-

By the definition of the trace [F], we can choose paths of integration v; and s in
CP! from 0 to oo (independent of j and r respectively) such that

D(§1,92)
/ Wjt1,-1 E/ Wjt1,-1 :/ Trace (wjt1,-1),
D(g1,92) - (Vl) "

(2%
/ E N — ’U PZ ————d\ y Aij = respi Wi41,—1
n

= Z ai;log (—v(PY)),

and
D(§1,32)+D7 (91,92)
/ Wr4+1,r—1 E/ Wr4+1,r—1 :/ Trace (wr+1,r—1>
DT (g1,92)+D(g1,92) w1 (y2) V2
/Oozn:L bir = T€S pi W
= ; - N w Pi), i Pt Wr4+l,r—1
Z bir log (— P PY)).
=1
Equivalently,
D(g1,92) -
/ (WQ,—17-~-;W'n,,—1) = L3¢7
D(g1,92)
D(§1,32)+D7 (91,92) "
/ (W2,0, -+ Wnn—2)" = Lstp,
DT (§1,92)+D(91,92)
where
1
= log (—v(PL)),..., log (—v(PM))T
6 = 3 (o8 (<0(PL)......log (~(P})
and

Y=o (log (~w(PL)), ..., log (~w(P!)))".
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On the other hand, from ®(g;, g2) = ®(§1, §2), we have

_. D(1.d2) D(g1,32)+D" (91,92) r
O, / UJ27_1,...,/ W2.0y -
D(g1,92) DT (§1,52)+D(91,92)
Ly O 0 Y4

=|Ls L3 O 4
Ly 0 Ls £’

where 0 € R9, ¢ € Z29, ¢!, {" € Z". As the columns of L; span a lattice in C9,
¢ must be zero and hence L3¢ = L3, Lsip = Ls¢”. Consequently, ¢ — ¢ = cl
and 1 — ¢ = &1 for some ¢, & € C. Thus, v(PL) = —e2™V=I¢ w(Pl) = —?™V=1e,
independent of i. As a result, we have

(u20) eq + (1200)*¢>™V ey =0, (G200~ e1 + 2™V 1(430a) e; =0
which in turn implies that v(p) = —e2™V=1¢ w(p) = —e?"V=1¢, Hence we have
D(g1,92) = D(41,32), D" (g91,92) = D"(§1,32). O
Step 4. o® =1.

Proof. From Step 3, w(P’) = —e2™~1¢ independent of i. Now w(P") = 1/a?
and as a1 = 1, it follows that a? = 1 for all i. O

Step 5. (1 = Clin*, ly = nl2(*, where ¢ and 7 are unitary diagonal.
Proof. From Step 2 and Step 4, we obtain 00010 = aO*l20,0a~!, where

a? = 1. Equivalently, 030,000 = OaO*lyf. The upshot of this is that OaO*
must be lower triangular as the matrices £2/¢7, 2221 are invertible and have distinct
eigenvalues. Hence, 0059* =1, where 7 is unitary diagonal. But then we have
bl = nlalin*, lals = OpO* = nOa~ uaO*n* = nOuO*n = (nf2)(nt2)*. Conse-

quently, ly = nla(*, where ( is unitary diagonal, and this implies ¢; = (¢1np*. O
Summarizing the above results, we have

Proposition 5.14. IfL°(g1,92) = L°(g1, §2), then (g1, 92) and (g1, G2) have gen-
eralized Schur decompositions g1 = uiliu3, ga = uxboui and g1 = 1l1U5, g2 =
Ul respectively with the same lower triangular factors £y, (.

Step 6. The first rows of uo, and 4y differ by a multiplicative phase factor, and
therefore we can assume these first rows are equal.

Proof. Let f(p) now denote f({1,¢2;p) and let s(p) = (er,a2f(p))/(e1,uzf(p)).
Then (s) = D(g1,92) — D(g1,G2) = 0 by Step 3, which implies s is constant. As a
result, a5e; + e*“use; = 0 for some o € R. |

Step 7. 41 = pi1ui, Us = paus, where pi1, po are unitary diagonal.

Proof. This step makes use of the equality of A\ and 6, of the elements (g1, g2),
(g1, §2), and proceeds as in the proof of Theorem 5.1 in [L3]. The row vectors of u;
(resp. ©1) and ug (resp. @g) are obtained one at a time by solving linear equations
with a quadratic constraint. The uniqueness of these row vectors up to a phase
factor follows by invoking local uniqueness (Corollary 4.17). O

Thus it follows from Step 7 that g1 = p191ps, g2 = p2g2p;, where pi, p2 are
unitary diagonal.
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Step 8. g1 = 019102, §2 = 029201, 01,02 are diagonal matrices with +1 on the
diagonal, (01)n, = 1, and 02 = w*o1w*, where w* = (6 nt1—;)-

Proof. By the reality of the matrices g1, §1, g2 and §2, we have g; = prg1p3 and
g2 = p3g2p?. Therefore, if (g1);; # 0, then (p?)s; = (p3);;. Consider the adjacency
graph associated to g;. If this has a single component, then p? = p3 = 521 for some
phase . In this case, p1 = (o1, p2 = Bos, where o1, 09 are diagonal matrices with
+1 on the diagonal. The same argument can be applied to each component of the
adjacency graph of gi, yielding g1 = 019102 and ga = 029207 in the general case.
Clearly we can take (01)n,, = 1. Finally, from sgn det (g2)r = sgn det (92)r, k =
0,1,...,n —1, we infer that o9 = w*ow*. O

Step 9. §1 = g1, gg = g2.

Proof. From Step 8, (01)nn = (02)11 = 1. To show that o1 = 09 = I, we will
need the formula [L3]

mri (91, 93)
— (—1)F! (e1 A+ New—1 Aert, (91 - Mgy )T M en—pp1 A Aen)
(e A Aews (95— Mrigs )= Dep iz A Aen)
k > 2. First, suppose (a); holds, i.e. d; > 0. Then

3

mi1(g1,95) = (e2, (g5 — Mgy ") en)
is real and has constant sign for all (g7,¢95) € I°(g%,95). As
mi1(91, 92) = (02)2,2(01)n,n m11(g1, g2)

and (01)n,n, = 1, it follows that (02)22 = (01)n—1,n—1 = 1. Now suppose that
(b)1 holds. In this case, the fact that arg mi1(g1,g2) = arg mi1(g1,g2) (mod 2m)
implies (0’2)272 = (Ul)n—l,n—l = 1. So in both cases, (0'2)2)2 = (Ul)n—l,n—l = 1.
Next, consider k = 2. We have

—(e1 Aes, (9 — M2go™) ™) 2en1 Aen)
(e1, (g} — M2gs 1)~ ten)

for (g1, 9%) € I¢(g7, 95). If (a)2 holds, then m12(g}, g5) is real and has constant sign
in I°(g7,95). As

mi2(g1, 95) =

mi2(g1, §2) = (02)3,3(01)n—1,n—1m12(91, g2),

it follows that (o2)33 = (01)n—2n—2 = 1. On the other hand, if (b)2 holds,
then arg mg (g1, G2) = arg mi2(g1, g2) (mod 27) and again we must have (02)33 =
(61)n—2,n—2 = 1. Proceed inductively, we conclude that o1 = o2 = I, and so

g1 = g1, g2 = ga. O
6. SOLVING THE EQUATIONS VIA FACTORIZATION PROBLEMS

In this section, we solve the Hamilton equations generated by the conserved
quantities via factorization problems. To be more precise, the I, flows, the J.g
flows, as well as the J,.. flows, can all be solved via factorization problems for
the finite dimensional matrix group GL(n,R). On the other hand, for 1 < k' <
" —1, 1 <7 <n-—1, the J» flows correspond to linear motions on the Jacobi
variety of the associated spectral curve (Proposition 4.9(a)). Consequently, the
corresponding equations are solved by means of theta functions. Indeed, the matrix
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pencil My, (g1,92) = 9291 — hg2g2 undergoes an isospectral deformation when g1, go
evolve according to a J,. flow, as it should. What is remarkable is the fact
that these isospectral deformations are again Hamiltonian and can be solved via
factorization problems for the infinite dimensional loop group. Of course, we still
have to recover ¢1(t), g2(t) from the matrix pencil M}, (g1(t), g2(t)), and that will
require additional considerations.

We begin by writing down the various equations which we have to solve. To
do so, we use (4.1a), (4.1c), (4.2) and (4.3); we find that the Hamilton equations
generated by I, and J,; are given respectively by

(6.1) 01 = (Me(D11x(91,92)))91 — 91 (IMe(D1 I (91, 92))),
g2 = (Ie(D1 1k (91, 92)))92 — g2(e(D1 Lk (g1, 92))), k > 1,

and
. 1
g1 = 5 gl(H[(Dlljrk(glng) + DQJrk(glng)))
1
(62) _5 (H[(Dljrk(gl,QQ) +D/2Jrk(glv.92>))gl’

. 1
go = 5 QQ(H[(D/QJrk(glng) + Dljrk(glng)))

1
—3 (Il((DaJrk (91, 92) + Dy Jrk(91,92))) g2, k > 0.

In the special case of the J,g flows and J,.,. flows, the corresponding equations can be
simplified somewhat. From the invariance property of J,.g, we have D1J,0(g1,92) =
D} Jro(91,92) and D7 Jro(g1,92) = Da2Jro(g91,92)- On the other hand, it is clear
from the definition that J;., is independent of g;, so that

D1 Jrr (91, 92) = D1 Jrr (91, 92) = 0.

As a result, it follows from (6.2) that the J,g flows and J,., flows are defined by

(6.3) g1 = (He(D1Jro(91,92)))91 — g1(e(D2Jro(91, g2))),
g2 = (He(D2Jr0(91, 92)))92 — g2(He(D1Jr0(91, 92)))

and
o1 1 ,
(6.4) =59 (I (D2 Jrr(91,92))) — 3 (I (D5 Jrr (91, 92))) 915
. 1 1
g2 = §(HP(D2JTT(91792)))92 — 592 (e (D4 Jrr (g1, 92))),
respectively.

Theorem 6.5. Let (¢95,935) € U. If Qi(t), Li(t), i = 1,2, are the solutions of the
factorization problems

(6.6) e~ tD1Irk(97,93) Q1(t) L (t), e~ tD Ik (97,93) Q2(t)La(t),
where Q;(t) € K, L;(t) € L, then the formulas

g1(t) = QT (g5 Qa(t),  g2(t) = Q3 (1)g5Qu (1)
give the Iy flow with g1(0) = g%, g2(0) = g5.
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Proof. From Proposition 3.18 of [L3], we deduce that

e~ tD11rk(97,95) 40
B I

while

e_tDilrk(gT’gg) — Ik 0
Cc D)

As Q1(t), Q2(t) are obtained from the exponential matrices above via the Gram-
Schmidt process, it follows that

O1(t) = (Ql(l)(t) Ii) and  Q2(t) = (IS Q2(2)(t))'

Now, by differentiating g (t) = Q¥ (t)g5Q2(t) and g2(t) = QI (¢)gSQ1(t), we obtain
=0T Qg1 — 1Q3 Q2. g2 = Q3 Qag2 — g2Q Q1.
To complete the proof, we must show that
Q1 Q1 =Te(D11ok(g1,92)) and QF Q2 =Ie(D L k(g1,92)).
Accordingly, we differentiate (6.6), which yields
—QT - Dilyk(g5,95) - Q1 = —QT Q1 + Ly L™,
~Q3 - DiLi(g7,95) - Qo = —Q3 Q2 + LoL3 .

But from the invariance property of I, and the shape of Q;(t), i = 1,2, we have

Q1 D1lk(97,95)Q1 = Dilrk(g1, g2) and Q3 D111 (g5, 95)Q2 = Di11(g1,92). The
required relations then follow from (x) by taking IT; of both sides. |

(%)

In a similar way, we obtain

Theorem 6.7. Let (g7,95) € G?. If Qi(t), Li(t), i = 1,2, are the solutions of the
factorization problems

(6.8) et I00003) = (4L (t), e PIIleE) = Qy(t) La(t),
where Q;(t) € K, L;(t) € L, then the Jro flow defined by (6.3) and initial conditions
91(0) = g3, 92(0) = g5 is given by
g1(t) = Q1 (1)g7 Qa2(t) = La(t)g5 La(t)
92(t) = Q3 (1)g5Qu(t) = La(t)g5 La ()"
Theorem 6.9. Let (g7,95) € G*. If Z;(t), Xi(t), i = 1,2, are the solutions of the
factorization problems
(6.10) e~ 3 D20 (90,03) — 7, ()X (1), e 2P2T(90:93) = 7,() Xy (t),
where Z;(t) € K, X;(t) € L, then the J.. flow defined by (6.4) and initial conditions
91(0) = g7, 92(0) = g3 is given by
G1(t) = X (071, ga(t) = 2L (D937(t) = Xa(0)g5Xa(t) .
The rest of the section will be devoted to the J.; flows for 1 < k <r—1, 2 <

r < n —1. In order to obtain the Lax equation for M} (g1, g2) when g1, g2 evolve
according to (6.2), we need some preparatory lemmas.
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Lemma 6.11.
92D1Jr1(91,92)93 = D Jrk(91,92)9293 + (9294 V1 Jrk—1(91,92)93 |.

Proof. Denote by E;(M) the j-th elementary symmetric function of the matrix
M. From the formula

n T

det Mh,z(gl7g2) = Z Z Jrk(.gl?g?)hkzn_T?
r=0 k=0

we have
ET(Mh) = Z Jrk(91792)hk~
k=0

Differentiation with respect to g; yields

|
_

T

> Videk(gr, g2)hF = VT E (Mp)ga = =Y E;j(Mp)M; "' ga,
¥ J

Il
=]

which implies [Mp, > _o V1 Jrk(gl,gg)gglhk] = 0. Now equate the coefficients of
the powers of h in the above expression to zero; we obtain [g2g1, Verkggl] =
(929, VT J,.1_1g5 '], which in turn implies the assertion. O

Lemma 6.12.
(9291, D\ Jrk11(91,92) + D2Jrk41(91, 92) + 92ViJrk(g1, 92) — V1 Jrk (g1, 92)93 |
=[9293 » D1Jrk(91, 92) + D2Jri(91,92) + 92V1Jrk—1(91,92) — V1 Jr-1(g1,92)93 |-

Proof. From E,(My) =" _o Jri(g1,g2)h*, we obtain

Z D Jri(g1, 92)h"* = VT E(M}) gaga
k=0

and

E Do Jyii(g1, g2)h" = MpNT E,.(My,) — hgogs VE,(My).
k=0
Also, we have

r+1

Zngljr,k—l(gla 92)h" = hgagy VE,(Mp).
k=1

From these relations, it is easy to deduce that

(*) > Bri(g1, 92)h"* + 2D} J0(g1, g2)
k=1

r—1
=2M,VIE,.(M),) = _2ZEj(Mh)M;:_j
7j=1
where

Byi(91,92) = D1 Jrk(g1, 92) + Dadri(g1, 92) + 92V1Jr k—1(g1, 92)
= V1 Jrk-1(91,92)95 -
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Thus it follows from (x) that

0= [Mp, > Brr(gr, g2)h* + 2D} Jro (g1, 92)]
k=1

= (l9291. Br1(g1, 92)] — 9293 , 2D1Jro (g1, g2)])

+ > ([9291, Brr(91,92)] — (9293 » Brk—1(g1, 92)])B*
k=2

— (9295 Br.r(g1,92)]0"
O
We now introduce the Lie algebra g/, (C[h, h™1]) of n x n matrices with entries
in C[h, h~!]. Then g/, (C[h, h']) contains two distinguished subalgebras,
[={X(h) =Y X;W € gt,(C[h]) | Xo € 1}
Jj=0
and
E={X(h)=> X;IW € gl,(C[h™']) | Xo € £}.
J<0
Clearly, we have the direct sum decomposition
(6.13) gln(Clh,h ) =T@t
We shall denote by II; and II; the associated projections.
Proposition 6.14. If (g1, g2) evolve according to (6.2), then
(6.15) My, = [My,, (b "M, VT E(My))] = [z (R * M VT E,.(My,)), My
Proof. From (6.2), we obtain

. 1 h
My, = 5 [Mn, (D} Joi + DaJk)] — 5 92(D1Jrk + D Jox) g3

h h
-3 (D2Jy1)g2gs + 5 9293 (D2 Jpy + Di Ty + (D) o) ).

In order to cast this into the desired form, first note that by Lemma 6.11,
92Dk + DY Jri)gz = (DyJrk)g295 + 9295 (D5 Jri)
+ (9292 s V1 Jrk—193 — 92V 1Jrj—1)-

Substitute into the expression for M above and simplify; we obtain

. 1
(1) My = 5 [Mp, (D4 Ty + Dadr)]

h
- 5[92g§ , Doy + Dy Jok — Vi Jrk—199 + 92Vidr k1]

Now, we apply Lemma 6.12; after some algebra, we find that

h
5 (9294, DaJyi + Dy Jrk — Vi Jr k193 + 92V1Jr 1]

1 r—k

= 5 [Mn, Y- (Dadyrj + Diriej + 02V drpej1 = Vi Jrkej-193 )W),

j=1
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Finally, we substitute the above expression into (1) and make use of the relation
(%) in the proof of Lemma 6.12; this results in
My, = [My, i (A * M VT E.(My))]. O
In order to understand how to solve (6.15), define the r-matrix
(6.16) R=1I; - IT

associated with the splitting (6.13). We shall equip g/,(C[h, h~!]) with the ad-
invariant, nondegenerate pairing

1 dh
6.17 X,Y)= —— tr(X(h)Y (h)—, X,Y € gl,(Clh,h™1]);
617 (XV)= 5o XY (Clhn )
then the dual of R with respect to the above pairing is given by
(6.18) (R*X)(h) =>_ Xih' + R*Xo— > X;h', X(h) =) X;h'.

i<0 i>0 i
Now, define
-1 - - 1 -~ -

(6.19) A= i(R_R*)’ S = §(R+R*).
From (6.16) and (6.18) it is easy to show that
(6.20) (AX)(h) =Y X;h' + A(Xo) = Y X;h', X (h) = > X;h'.

i<0 i>0 i

As A is a solution of (mY B), it follows from (6.20) that A is also a solution of
(mY B), so that R is a classical r-matrix which satisfies hypothesis (H) of [LP].
Consequently, we can equip the associative algebra g/, (C[h, h~!]) with the Poisson
structure [LP]

(6.21) {F,H}(X)= (fl(dF(X)X), dH(X)X) —
1

(A(XdF (X)), XdH(X))

l\3|>—

(S(XdF(X)), dH(X)X) — =(S(dF(X)X), XdH(X)).

l\:>|)—l

Consider the Hamiltoman

(6.22) Hop(e) = ah

27r\/_ . E, (X(h))W
Differentiation gives
(623) (dHrk(X))(h) = h_vaET(X(h))a

which shows H,j is an ad-invariant function. Hence the Hamilton equation gener-
ated by H, in the Poisson structure in (6.21) is given by

(6.24) X = [X,IH(h "X (h)VTE. (X (h))], X € gln(C[h,h71)).
Clearly, equation (6.15) is a special case of (6.24), but more is true. Indeed, we can
show that the finite dimensional subspace
= {Xo+hX1 | Xo, X1 € gl(n,C)}
is a Poisson submanifold of g/,,(C[h, h~!]) equipped with the structure in (6.21).

Therefore, the equation

(6.25) (Xo + hX1) = [Xo + hX1, IH(h"(Xo + hX1)VT E.(Xo + hX1))]
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is a Hamiltonian system. Furthermore, the proof of Proposition 6.14 shows that if
we solve (6.25) with initial conditions of the form X (h,0) = g5g5 — hg5g5T, then
X (h,t) is of the form ga(t)g1(t) — hga(t)gZ (t).

Theorem 6.26 (Solution by factorization). For some 0 < T < oo, there exist
unique holomorphic matriz-valued functions
g+(-,t) : CP"\{oo} — GL(n, C),
g—(-,t) : CP\{0} — GL(n,C), 0<t<T,

such that for 0 <t < T, g+(-,t) are smooth in t, solve the factorization problem
(6.27)

exp{th™ "M (g7, 95)V" Er(Mi(97,93))} = g+ (h, t)g—(h,t) ', h € CP'\{0, 00}
and satisfy
(6.28) 9+(0,t) € L, g4 (h,t) ' g4 (h,t) € ImIL;, h € CP'\{c0},

(6.29) g—(o00,t) € K, g_(h,t)"'g_(h,t) € ImII;, h € CP"\{0}.

Moreover, for 0 < t < T, Muy(t) = gi'(h,t)Mn(g5,95)g9+(h,t) solves equation
(6.25) with initial data Mp(0) = g395 — hgS, g5t . Finally, if (¢3,95) € U sat-
isfies (GA1) and (GAZ2), g+(h,t) can be constructed by means of theta functions
associated with the spectral curve C(g5, g3).

Remark 6.30. We are unable to settle the question of whether equation (6.2) has a
global solution when 1 <k <r—1, 2 <r <n—1. Hence we do not know whether
T is finite or infinite in the statement of the above theorem.

Proof of Theorem 6.26. First, the uniqueness of gy is clear. Now, let g1 (¢), g2(¥)
denote the solution to equation (6.2) with g1(0) = ¢?, g2(0) = ¢9, valid for 0 <t <
T. To prove existence of g4, we simply solve the linear equations

g+ (h,t) = g4 (A, (R My (g1 (1), g2 (1)) V" B (Ma(91(t), 92(1)))),

g—(h,t) = —g—(h, )T (A~ "My (g1(t), 92(1)) VT E (M (91(1), g2(1)))),
with initial conditions g+(h,0) = I. Then the properties (6.28) and (6.29) are
immediate. The analyticity properties are also clear by standard arguments. To

show that M, (t) solves equation (6.25), differentiate the product g, (h,t)g_(h, ).
This gives

g9 (1))
= h_k{g-F(hv t)Mh(gl (t)v gQ(t))g+(hv t)_lvTET (g+(ha t)
- Mi(g1(t), 92(8)) g+ (hy t) ")} g (R, t)g— (h,t) "

But by Proposition 6.14,

d

E(g-i-(hvt)Mh(gl (t), g2(t)) g4 (h,t)~") = 0.

This implies gy (h,t)Mp(g1(t), g2(t))g+ (h, t)~1 = My (g%, 95), and hence

Sl (h)g-(h 1))
= (h*Mag?, 63) V" B (M5 65)) b (b, g (hot)
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Therefore,

g+ (h,)g—(h,t)™" = exp{h™* My (g5, 95)V" E-(Mn(g5,95))}-

The construction of g+ will be dealt with in what follows. O

In the remainder of the section, we assume that (g7,95) € U satisfies (GA1)
and (GA2). The goal is to construct g+ in terms of theta functions associated
with the spectral curve C(g%,¢3) and to recover gi(t),g2(t), 0 < t < T. Thus,
all calculations and arguments in what follows are for ¢ € (0,7)) without further
mention. We begin by considering the initial data (g5, gQ) and the associated matrix
pencﬂ Mi(95,93) = 9595 — hgSgsT. Let 0 < pg < --- < p,, be the eigenvalues of
99,957 and set u = diag (p1,...,1n). Since g5g5T is symmetric, there exists
Oo € K such that g5g57 = OguO¢'. Clearly,

(6.31) Mh(g5, 95) = OoMp(OF g7 00, Of g500)0F
and
(6.32) M(0OF g% 09, 0F g500) = OF 959500 — b

Let OF g5970ou — hyn — 21 be denoted by M (OF g0, OF g2Oo;p), p=[u:h:z]€
C(g5,95). There exists a unique 9(p) € ker M (OF 00, OF g500; p) with (v(p), e1)
= 1. Furthermore,

(6.33) (v;) > —D'(0) + P* — P7

by Corollary 5.10, where D'(0) is an effective divisor of degree g. = 3(n—1)(n—2)
and D'(0) — P1 + P? is regular for each j. Now we put in the dynamics. We have

(6.34) 92(t)gs (t) = O(t)uO™ (t), O(0) = O,
and a direct calculation shows that
. 1
(6.35) 0= -5 (~TTe(D} ok + Dodri) + V¥ Tk 195 — 92ViJps1)O.

Using (6.35), Proposition 6.14 and the invariance property of J,k, the evolution of
Mp(0T 910, 0T g,0) = 0T gag10 — hyu is given by

(6.36) (Mn(0" 10, O g20))
= [M(0" 910, 07 g50),
(h™FMn (07910, O g:0)VT Er (M (07910, 0" 9:0))) ],
where ( )+ is the projection onto g¢,(C[h]). Let

then the solution to (6.36) takes the form
(6.38)

M (0T (t)g1(t)O(t), O ()g2(1)O(1)) = g (h, )~ Mn(Og 9700, Og 9500)g(h. 1)
and g+ solves the factorization problem
(6.39)  exp{th” th(Oo 9700, 05 9500)V" E(My(Og 9700, Og 9500))}
Gy (h,t)g_(h,t)~? h € CP'\{0,c0}.
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From the definition of E,., we clearly have
(6.40)  A(p) ™" M) (O 9700, O g500) V! Er (M) (05 9700, Of 9500))0(p)
= pri(p) V(p),

where g, is meromorphic on C(g5,¢93). Set

(6.41) ve(t,p) = g (h(p),t) "' 0(p).

It follows from (6.39), (6.40) and (6.38) that

(6.42a) ety (tp) = v_(t,p), h(p) € CP\{0, 0},

6420) My (O (0gs(0)0(0), OT (D210 (t,) = =(p)o (1, ).
Moreover, by (6.38) and (GA2)s the matrix g_(oco,?) must be diagonal, so that
(6.42¢) 1 (v (t,-)) = =D'(0)  on C(g5,95)\ supp P-,

(6.42¢) _ (V) (t,-)) > =D'(0) + P — P? on C(¢°,43)\ supp Py.

In this way, we are led to scalar factorization problems which can be solved by using
Baker-Akhiezer functions [RSTS]. To write down explicit formulas for the v’ ’s,
fix a canonical homology basis {a;, bx}1<jk<g. Of the Riemann surface associated
with the smooth curve C(¢7,¢5), and let {w;}1<i<q4. be a cohomology basis dual
to {a;, bi}, ie. faj wi = 645, fb,- w; = ;. With respect to the Riemann matrix
Q = (£;;), we construct the theta function

(6.43) () =0(Z,0) = >  exp{2rV/—1n-z+m/=1n- -Qn}.

neZge

Choose a non-singular ¢ in the theta divisor (i.e. (€)= 0, E- = 0(e + I W) #
0) with the additional property that E- (P2 P) # 0 for each j. Let Py be

a fixed point “at oo” on C(g$,gS). Then as §(e) = 0, there exists D, 1 €
DivIe=1(C(g$, g5)) such that

— D!]cfl N
(6.44) C—A- / ® (M, p. 160),
(gc_l)Pco

where A is the vector of Riemann constants. Furthermore, as D'(0) is regular, we
have

e ch*1+P e
9(e+/ w) =0« P e D0).
D'(0)

Now, let ¢4 (p) be a meromorphic differential of the second kind with poles only at
{P2}}_, chosen such that

(6.45a) ¢—(p) = durr(p) + ¢+ (p)  is regular in C(gy, 95)\ supp Py,

(6.45b) /¢+:0, i=1..... g
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Then

(6.46)
e » N E=(PLp)6 e+fD,-"(5 T G ey
vy (t,p) = c;(t) exp (t / d)i) = ’
+ J P Eg(p € +f[)/gco)1+17w)

where @, is the vector of b;-periods and c¢;(t) are non-vanishing functions to be
determined. Indeed, using the periodicity properties of 6, it is easy to check that
the right hand side of (6.46) is well defined and has the desired properties. In
particular, when ¢t = 0, we obtain

c—1+PLl4p —
E-(PL,p)6(e + [ ;zo iPJ w)

E?(Pi,p (€ + [y " w)

(6.47) 8;(p) = ¢;(0)

Clearly, ¢1(0) = 1; the other ¢;(0)’s are then uniquely determined from the defini-
tion of ¥(p). Let

(6.48) c(t) = diag(ci(t),...,cn(t)).
In view of (6.46), we shall write
(6.49) v (t,p) = e(t) vi(t,p),

where the v/ (t,p) are known. Given h € C which is not a branch point of the
coordinate function h, there exist n points P;(h), ..., P,(h) of C(g¢9,93) lying over
h. Hence we can define the matrices

(6.50)
V(h) = @(Pi(h), ... 0(Pa(h))), Vie(hst) = (va(t, Pi(R)), ..., v (t, Pa(h))),
Vie(hvt) = (’Ui(tv Pi(h)), ... 7U:0t(t7pn(h)))'
Note that from (6.37), (6.41) and (6.49), we obtain the relations
(6.51) g1 (ht) = OV (R)(VE(h, 1))~ e(t) 1O (1),

where ¢(t) and O(t) are as yet undetermined. Now, from (6.29), we have g_(oc0,t) =
g_(0o,t) and g_(o0,t)gL (co,t) = I. This implies

(6.52) le(®))? = <lim V(h)v_“)(h,t)—l) <lim f/(h)Vﬁ’(h,t)*).
So |c(t)| is determined. Write ¢(t) = |c(t)|6(t), where 6(t) is unitary diagonal. Then
from

(6.53) 0oV (0)(V(0,6)) ™ e(t)| ™ = g4-(0,)O(1)8(1),

we see that the right hand side gives the unique (lower) x (unitary) decomposition
of the known left hand side. Consequently, O(¢)6(t) is now determined, and this in
turn implies g4 (h, t) are determined as everything on the right hand side of (6. 51) is
known. From Theorem 6.26, this means that we now have gs(t)g1(t) — hga(t)g3 (t);
so it remains to recover g;(t) and g2(¢). In order to accomplish this, we need the
information (obtained in section 4) that the evolution (g1(t), g2(t)) is taking place
on the level set of integrals I¢(g7, ¢3), so that in particular

(654) )‘Tk(gl(t)ng(t)):ATk(g?agg)a 1§T§7’L—]€, 1§]€§7’L—1,
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(6.55) sgn Fi.(g1(t), g2(t)) = sgn Fi(g7,93), ie.
det (g2(t))n—r = det (95)n—k, k=1,...,n.
Let go(t) = £(t) q(t), where £(t) € L, q(t) € K. Since go(t)gd (t) is known, we can
determine £(¢) from the relation
(6.56) g2(t)gz () = LT ().

As a result, g(t)g1(¢) is also determined. Therefore, in order to get g1 (¢) and g2(¢),
all we need to do now is find ¢(t). Set ¢;(¢t) = q(t)e;, i =1,...,n, where {e;}1<i<n
is the canonical basis of R™. The construction of ¢(t) proceeds as follows. First,
we construct ¢, (t), by requiring that

¢n(t)L(a(t)g1(t) = Ara(g7,95)E(t) ") Ter, 1<r<m-—1,

) lan(t)l =1
(note that
(gn(t), (q()gr(t) = M) Ter) = (e1, (91(t) — Aga(t) ") en)
_ (_1>n+1 Ql(gl (t)a gQ(t)a >‘)
Qo(g1(t), g2(t), )’

so (%) is just the definition of A\.1(g1(¢t)g2(t)), 1 < r < n —1). Clearly, (x) is
invariant under complex conjugation; hence there always exists a real, nonzero
solution. Consequently (x) has at least two real solutions +¢,(t). Fixing g, (¢t), we
obtain g,—1(t) by solving the system

(**) qn—l(t>J—qn(t>a

Gn—1(1) A gn(t) L((g(1)g1(1) = Ara(gf, g5)E(t) ™)) Per Neg, 1 <7 <n -2,
lgn-1(®)] =1
(note that

(gn-1(t) A gn(t), ((q(t)gr(t) = X)) ") Per Aeg)

— (ex Aea, (910 Aga(0) )2 ey M) = (—1)2ne0) L2001(D: 920 1)

Qo(g1(t), 92(£), A)
so (xx) is just the definition of Ar2(g1(t),g2(t)), 1 < r < n — 2). Again, this has
at least two real solutions +¢,_1(¢). By induction, we can construct at least 2"
real orthogonal matrices, and by invoking local uniqueness, we have exactly 2"
such matrices which differ from each other at most by a choice of signs £y (t),
+qn-1(t),...,xq(t). But then the signs are fixed by using (6.55). Hence ¢(t) is
uniquely determined.
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